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ON RATIONALLY CONVEX HULLS
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ABSTRACT. For a compact set X C C”, let h'(X) denote the rationally

convex hull of X; let A denote the closed unit disk in C; and, following Wermer,
for a compact set S such that 94 CSC Alet X(=Sx 5N aA2. Itis shown that

h(Xg) =H(z, w) € Sx S| uglz) +ugw) < 1

where ug is a function on S which, in the case when S is smoothly bounded,

is specified by requiring ”slaA= 0, ”s' a5 \oA= 1 and uslimsharmonic. In
particular this provides a precise description of hf(X) for certain sets X C c?
with the property that h'(X) £ X, but hr(X) does not contain analytic structure
(as Wermer demonstrated, there are S for which X = X has these properties).
Furthermore, it follows that whenever hr(XS) # XS then there is a Gleason part
of hr(XS) for the algebra R(XS) with positive four-dimensional measure. In
fact, the Gleason part of any point (z, w) € hr(XS) Nint A2 such that us(z) +
us(w) <1 has positive four-dimensional measure.

A similar idea is then used to construct a compact rationally convex
set YC C? such that each point of Y is a peak point for R(Y) even though
R(Y) £ C(Y); namely, Y =YT =Hz,w)eC?| z€T, lw|=y1 - |z| %} where T
is any compact subset of intA having the property that R(T) # C(T) even
though there are no nontrivial Jensen measures for R(T). This example is

more concrete than the original example of such a uniform algebra which was
discovered by Cole. It is possible to show, for instance, that R(}'T) is not
~
even in general locally dense in C(XT), a possibility which had been suggested
by Stuart Sidney.
Finally, smooth examples (3-spheres in C6) with the same pathological

~
properties are obtained from XS and XT'

Introduction. Let X be a compact subset of C". R(X) is the algebra of all
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rational functions P/Q on C” with P, O polynomials and Q £ 0 on X. R(X) is the
uniform closure of R (X)in C(X). b (X), the rationally convex hull of X, is the
set {z € C"| for all polynomials P such that P(z) = 0, P has a zero on X}.

While every X C C is rationally convex, i.e., br(X) =X,in C 2 evena compact
arc may fail to be rationally convex. (See the example of Wermer [1]and Rudin
[2] or [3, p. 70). Wermer’s example is in C3.) The rationally convex hull of a
general “‘circled’’ compact set in C” has been described very thoroughly by de
Leeuw [4], [5] and Rossi [6]. A set X C C" is “‘circled” if, whenever (zl’ eee,
z )EX, A,c00, Q)€ C” and l)\jl =1 for 1 < j< m, it follows that (A z,,-+-,
A,Zz.) € X. Suppose that X is a “circled”’ compact set in C”, that int X is a dense
connected subset of X, and that int X meets every coordinate axis {z]. = 0} which

X meets. In this case their result is that

bh(X) = closure {(z , - -+, z,) € C"| (log |z,], + -+, log|z,|)
. n Sl sﬂ
€ linear convex hull{(sl,u-,sn)eR [ (e 5 eeeye ™ e Xl

The general case follows by taking a decreasing intersection of such sets (see
also [3, pp. 71-76)).

In the first section of this paper we describe br(X) for certain sets X con-
tained in the boundary of the bicylinder which were first discussed by Wermer [71.
Given a compact set S contained in the closed unit disk A and containing the
boundary of the disk dA, let

Xs={(z, w)€C2| |z} =1 and weS, or lwl=1 and z € Sk

A set Y CC” is said to “‘contain analytic structure’’ if there is a nonconstant
analytic mapping from a disk to C” whose image is contained in Y. As was ob-
served by Soltzenberg [8], the open mapping theorem implies that if Y contains
analytic structure, then one of the coordinate projections zi(Y) has nonempty
interior in C. Wermer in [7] constructed an S such that 5, (XS)\XS £ butintS =
@, whence b (X )C S x § does not contain analytic structure. (The first example
of this general type is due to Stolzenberg [8], who proved the existence of a com-
pact set X C C? which is not polynomially convex but whose polynomially convex
hull does not contain analytic structure.)

First assume that S is a compact connected subset of A containing dA, and
write § =n:=l Sn where

(i) each Sn is a compact connected smoothly bounded subset of A;

(ii) S, is a neighborhood of § in A.

n+l
Define u, € C(S,) by requiring that «, be harmonic on intS , u, = 0 on JA
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and u =1 on aSn\aA. For z€ S let

”S(Z)= lim un(z).
n —00

The main result of $1 may then be stated as
Theorem 1. b (Xs) = {(z, w) e S x S| ug(z) + ugw) < 1}.
The determination of 5 (X¢) yields some quantitative information:

Theorem 2. If (z, w) € br(Xs)\XS and ug(z) + ugw) < 1, then the Gleason

part of (z, w)in R(X) has positive 4-dimensional measure.
This leads almost at once to

Corollary. If br(XS) # X, then the 4-dimensional measure of b'(XS)\XS is

positive.

One consequence of Theorem 1 is that there are compact connected subsets
S of A which contain JA and for which X is rationally convex even though
R(X{) # C(X;). For example, let S be a compact connected subset of A such that
S DA, R(S) # C(S), but the only Jensen measures for R(S) are point masses
(such an § can be obtained by a simple modification of an example due to Browder
(see [9, p. 192])). It can be shown that ug =1on S\dA, so that h(Xs)=Xg by
Theorem 1. This suggests that such S might yield interesting rationally convex
sets in other ways.

The second section of this paper is essentially independent of the first. In
it we exhibit a concrete example of a uniform algebra A defined on a compact

metric space (its maximal ideal space ) with the properties:

(I) A does not contain all continuous functions on its maximal ideal space;
(II) every point of the maximal ideal space of A is a peak point for 4;
(III) A is finitely generated.

The first example of such an algebra is due to Cole (unpublished); his example
is a modification of an algebra satisfying (I) and (II) which is constructed in his
thesis ([10}; or see [9, pp. 255-262]).

Let T be any compact subset of int A such that the only Jensen measures
for R(T) are trivial, but R(T)# C(T); Cole’s construction also begins with such
a T (examples of such T, besides the previously mentioned one in [9], are found
in [11]and [12]). We use T to obtain a compact subset of the boundary of the unit
ball in C? by defining
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Xr =1z, w) e C?| |z|%+ |w|?=1, z €Tl

Theorem 3. If A = R(}T), then conditions (1), (II) and (I11) are satisfied.

In the third section we show that under suitable restrictions on T, the proper-
ties of ')\(‘T are enjoyed locally. This does not follow from the general arguments
used in the second section, because there the construction of an annihilating
measure for R(y.r) is not local.

Let T Cti|z]| <1} be a “Swiss cheese’’ in a sense to be made precise later.

(The previously mentioned example of Browder satisfies our definition.)

Theorem 4. If K is a compact subset of X’T with nonempty interior in the
topology of XT’ then the restriction of R(%T) to K is not dense in C(K).

In the fourth and concluding section we demonstrate that no smoothness as-
sumptions alone can be sufficient to avoid the pathological behavior exhibited by
the sets X and ’)\('T discussed in the first two sections. Here we will be inter-
ested in the algebra P(X) and its maximal ideal space h(X), defined for a compact
set X CC" as follows:

P(X) is the uniform closure in C(X) of the polynomials in the coordinate
functions z,,---, z .

h(X), the polynomially convex hull of X, is the set {z € C”| for all polynomials
pinz -+, z, |p(z)]| < max, [pl}.

Starting with the example in [7], or with the alternative use of Wermer’s con-

struction on p. 365, we prove the following.

Theorem 5. There is a C™ 3-sphere 21 contained in C® such that b(zl) con-

tains points not in 21 but does not contain analytic structure.

We obtain a similar result by starting instead with the set %T of the second

section.

Theorem 6. There is a C™ 3-sphere 22 contained in C® such that b(zz) = 22,
every point of 22 is a peak point for P(zz), but P(EZ) £ C(Ez). In other words
P(Z,) satisfies the above conditions (I), (II) and (III).

1. We will employ the following notation throughout: _

A will denote the closed unit disk; A? is then the closed unit bicylinder
{(z, w) € C?| |z| <1, lwl< 1l

0X will denote the topological boundary of a set X C C, C? or C" depending
on the context;

X, where T C A, will denote the set {(z, w)eA?| z € Tand |w| =1 or |2| =
1and w € T};
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§ (or S ) will denote a closed connected subset of A such that JA C S (or S ).
The following lemma, which is stated in a slightly different form in [7], will
be useful to us:

Lemma 1. Fix pe A% If p¢ b (X¢), then p € h(K) for some compact set
KX -

Proof. If p ¢ b (X(), then there is some polynomial P such that P(p) = 0, but
P has no zero on X. Let V be the component of {x € Czl P(x) = 0} which con-
tains p, and let K=V N dA?. By assumption, K N XS =&, so that
KCiz, w) e 8A2| z¢SorwdSt=X a\s- By the maximum principle, if Q is any
polynomial on C2, then |Q(p)| < sup_.  10()|, so p € b(K) as claimed.
Definition. Given S as above, it is possible to choose a sequence {S"l:= 1
of closed connected subsets of A which contain JA and satisfy
(i) S, is bounded by finitely many disjoint smooth curves;
(i) S, is a neighborhood of Sn+1 in A;
(ii1) S nn -1 5,
Let u, be the unique function in C(S ) which is harmonic on mtS and satisfies
|6A 0, u|oS_ \GA =1. Forze s we define u¢(z) = lim _ _u (z) By the maxi-
mum principle the functions u, are monotone increasing, so u (z) exxsts for each
z € §. For future reference note that ug(z)> 0 on S\dA whenever S£A.

.

Lemma 2. u¢ is independent of the choice of iSn}.

Proof. Let {S;}:zl be another sequence of compact sets as above, and let
{u:”f be the corresponding functions in C(S:n).

Given any n, §_ is a neighborhood in A of $,,1» hence also of S. Since
n:=1 S:n= S, there is an integer m, such that S’z is a neighborhood of S"” ;In
particular, 857'"0 €S, s0 u"no >u, on S’l”o. Thus we have for z € §S:

lim « (2)> 4 O(Z) > u,(2).

m — 00

Since n wa's arbitrary, lim _‘wu"n(z) > limn_mun(z) = uS(z). Similarly,
lim _  u (2) <ug(z)forall z €.
Observe that if S is “‘nice,” then ug has the following properties.

Lemma 3. If S is bounded by a finite number of disjoint smooth curves, then
ug € C(S), ug is harmonic onintS, and us|dA =0, ug | 9S\OA = 1.

Proof. Pick {S } satisfying (i), (ii), (iii) in the definition of u¢, and let tu }

be the corresponding functions used to define ug. Let u € C(S) be harmonic on
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intS and satisfy «|0A =0, u| 9S\dA = 1. Since S is smoothly bounded, there is
a sequence of harmonic functions {v_} each defined in some neighborhood of S,
such that v converges to « uniformly on § (see for example, [9, p. 184)).

If z €8S, then for all n, un(z) < u(z) by the maximum principle, so us(z) <
u(z). To prove the converse, we may assume that v_<OondAandv _<1-1/m
on S. Given any m, we choose 7 sufficiently large that S C {vm < 1§; then
v, 105 <u |05 ,sothat v_(2)< u (2)< ug(z). Since m was arbitrary, u(z) =
lim

m—ooVmZ) S ug(2), whence ug = u.

Our main result may now be stated.
Theorem 1. b (X¢) ={(z, w) € S x S| ug(z) + ug(w) < 14,
We first prove two lemmas.

Lemma 4. Let B be the annulus {z € C| 1 > |zl >l Then b(Xp) =
{(z, w) € A2| |zw| > r}. (This is a special case of Theorem 1, since by Lemma 3,
upg = (log |2])/Qogr). It is also a special case of a similar theorem for ‘‘circled"’

subsets of C™, referred to in the introduction.)

Proof. Fix (z(, w,) € A%, I |zgw ol < r, the polynomial P(z, w)= 2w - zqw,
vanishes at (zo, wo), but has no zero on XB, so (zo, wo) ¢ br(XB).

Conversely, suppose that lzowol > r. The polynomial P(z, w)=zw is larger
in modulus at (z,, w) than it is on any compact subset of XA\B. By Lemma 1,
(zg, wo) € b (Xg).

Lemma 5. Let X be a compact subset of C" and let ®: X — C™. Suppose
that z; o® € R(X) for each coordinate projection z, i=1,2,+++, m. Then

B (b, (X)) C b, (BEX)).

Proof. Fix p, € b (X), and suppose that P is a polynomial on C™ such that
P(d)(po)) = 0. We must show that P has a zero on ®(X).

Any function F € R(X) which has a zero on b (X) must have a zero on X.
Indeed, suppose F(p)= 0 for some p € b (X). Choose f € R,(X) such that
supy |F -/ | <1/n. Let g, ={, - [ (p), then g (p)=0, and g = P /Q, for
some polynomials P , Q, with Q # 0on X hence on b, (X). So Pn(p) = 0, and
since p € b (X), Pn(pn) = 0 for some p_ € X. Then gn(pn) = 0, so that

|F(p, ) < |Fp,) - £ (o)1 + 11,,) = 1,(0)] + |1, (p) - F(p)]
<1n+ g, (p )|+ 1/n=2/n

Some subsequence p ~— P € X, so that F(p_)= 0 for some p_ € X as claimed.
k
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In our case, P(®) € R(X) and P(@)(po) = 0, so we conclude that P(®)(p)=0
for some p € X. Thus P has a zero at ®(p) € ®(X) as desired.

Corollary. Let S be finitely connected. Suppose that ¢ is a one to one con-
tinuous map from S into A such that ¢(0A) = A and ¢ is holomorphic on intS.
Define ®: h(Xg) = A? by O(z, w) = (¢p(2), pw)). Then @(br(xs)) = br(x¢(5 ))-

Proof. ¢ € R(S) since § is finitely connected (see, for example, [9, p. 231]
or [3, p. 51]), and similarly qS'l € R(¢(S)). Since evidently X C S xS,
br(XS)E SxS,sothat zo® and w o P are in R(b (X)) similarly z o®~1 and
wo® ! are in R(h(X 45 Observe that

Xgpes)= HE 1L =1, ned(S) or |ng =1, {e @S
={(d(2), pw))| |z] =1, weS or lwl=1, z€S}= @(XS).

Lemma 5 applied to @ yields
(b, (X)) C A (BX)) = b (X)),
and applying Lemma 5 to ®~! we have conversely
b (Xgs)) = VD™ b (X g )]
= (@ [h (DX NN C Db (@71 0 (X)) = Db (X)),

Proof of Theorem 1. We first prove the theorem for those S of the form § =
A\ U;:l int D, where the Di are disjoint closed disks in intA; then we shall
deduce the general case by a “‘limit’’ argument. To avoid triviality we assume
n> 0. In the simplest case n =1, we can reduce the problem to the situation of
Lemma 4 by mapping S onto an annulus via a linear fractional transformation, and
applying the corollary to Lemma 5. For n > 1 we would like to imitate this pro-
cedure by defining ¢: S — {1 > || > 7} such that ¢(dA) = {|¢] = 1} and ¢(dD,) =
{/¢l =l fori=1,2,--+, n, with ¢ analytic on intS. Although in general one can
only construct a ¢ with approximately these properties—and, of course, ¢ will
not be 1-to-1—it turns out that we can again reduce the problem to the situation
of Lemma 4.

Fix (a, b)€ S x S.

Case 1. Suppose that uc(a) + ug(b) < 1. We will show that (a, b) € b (X;)
by proving that any polynomial which vanishes at (4, b) also has a zero on Xg.
So let P(a, b) =0, and let
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) 8=1- ugla) - uglb) > 0.

For convenience we divide the proof of Case 1 into three steps.
Step A: Construction of ¢. We shall construct a ¢pg—call it g—which approxi-
mately maps § onto an annulus.

Let u; be the continuous function on § which is harmonic on intS and satisfies:

uoD; = 1, ui|05\8Di =0; i=1,2,.++, 7
Note that u¢ = 2:;1 u; by Lemma 3. Each u; extends to be harmonic in a
neighborhood of S by the reflection principle. In this way we obtain an open set
O DS which we may take small enough that
() =] _; lu@)| < 2for z €05
(i1) us(z)>lforz€@ﬂmtD i=1,2,°4+, m
(un)u(z)(Oforze@\A,z_l 2,000, m.
We may also assume that 90 consists of circles, one in each component of C\s.
Let y,: [0, 11 = O be a positively oriented circle contained in O\A.
Sxmllatly, let Y; be a positively oriented circle contained in OnintD, o i= 1, 2,
,n. To avoxd confusion we will distinguish between the map Y; and its image
whxch we will denote by P , j=0,1,-+«, n. If y is any closed curve in O, then
y is homologous in Oto E"_l cY; for some integers ¢+, C .
Let vg be the (muluple-valued) conjugate harmonic function to ug, and let
v; be the harmonic conjugate of u,, 1=1,2,-+-, n Define

a-l 1
; = 55 var Ug, W =57

Y.

— var ‘Uz..
Y.
] ]

Observe that det((wi,.)) # 0. If not, there would be real constants c, not all zero,

such that

n
Z Ci("ij=0 for j=1,2,..,m

Then [ = 2:.'=1 c,(u; + iv;) would be a nonconstant single-valued analytic func-

tion on O, with
f(3S) C{Re z=0} UlRe z=c,;} U-+- UlRe z= c, b

As this is absurd, we conclude that there are indeed constants 7, ., 1<k,i<nm,
suchthatz o1 M@ 8 , 1<j, k<n.
Now choose real numbers By»+*+» B, in such a way that a . + /3]. is rational
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for each j, making sure that the Bj are sufficiently small that if we let d; =

n
=1 By then

) K=2max|d,| < 8/2.
i

Now we define u on O by

3) u=ug+ > du, = >+ di)ul..

i=1 i=1

. . . n
The harmonic conjugate of u is v = v¢ + Ei o1 %y, s0

n

1 1

=— Var v == var v varv—a dw

T 5= Var Ug + o Z +Z
’)’l- ')’i i=1 ] i=1

n n n

- = 7 -

=a; El 2 By = o+ kzl Bidi = a; + B;.
i=1 k=1 =

Choose a positive integer N large enough that N(a + /3 ) is an integer for
j=1,2,+<,n,and let ¢ = -NG+iv)
analytic function on 0.

Step B: Properties of ¢. Let B=1{{ ¢ Cl 1>|<]> e~NU=K) e claim that
#~1(B)C S. Note that for z € ¢~ (B) we have 0< u(z)< 1 - K, and suppose
that z € O\S. There are two cases to consider.

If z¢ G\A, then ul.(z) <Ofori=1,2,+---,n by condition (iii) above. Note
that 6 <1 by equation (1), so that

. By construction, ¢ is a single-valued

z) = Z 1+ dl.)ui(z) <Y - 5/4)ui(z) <0

i=1 i=1
by equations (2) and (3). Thus z ¢ ¢~ '(B)
If z¢ intDiﬂ O, then

u(z) = ug(z) + > dl.ui(z)

i=1
> ug(z) - 3 |d||uf2)] > uglz) - K/2.2>1-K
i=1

this follows from equations (2) and (3) and conditions (i) and (ii) above. Again,

z ¢ ¢~ 1(B)
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In particular, we have established that ¢~ 'd|¢] = 1}) is contained in S. But
if z € S\&A, then ui(z) >0fori=1,2,-++, n, and ”S(Z) > 0 as noted earlier, so
that

w(z) = 3 (1+d)ufz) > (1 - 8/4)us(z) > 0.

i=1

Thus ¢~ '(dA) C 9A.
Now let U be the subset of O bounded by the images l_‘]. of the maps Y
j=0,1,+--,n Let

R = inf e—Nu(Z)’ r= sup e~ Nu(z)
z€l z€F.; 1<j<n
7

r,c O\A, so by the above R > 1. Similarly, FJ. c O nint D, so that
r<e NI=K) 1 Let

U'={z€eU R> e~ Nu@) s o1

and note that ¢(U') D B, since pQU") ={|¢] =} ULl = RY.

For { € qS(@) let m({) denote the number of times including multiplicities
that ¢ takes on the value { in U. m({) is constant on each component of
¢(®)\U;’=0 ¢(Fj). By choice of r and R, the set {{ € C| 7 < |£] < R} is contained
in a component of ¢(O)\U;l=0 #(@)). Thus m(() is constant on ¢(U'); we use m
to denote this constant value. m > 0 since if z; € JdA, then 7 <1 = |¢(z0)| <R.

We conclude that for all £ € ¢(U"), { has precisely m inverses in U’ under ¢.
Call these inverses ¥ l(C), oo, l/lm(é) in any order.

Step C: Reduction to Lemma 4. Recall that we are trying to show that a given
polynomial P which vanishes at (a, b) also has a zero on X;. We are now ready
to use P to define a function Q € R(Xg). In fact, let

o= IT Pl v @), (& m epU) x gl

i,7=1

Note that Q is well defined since it is independent of the numbering of the l/fi.

Fix 1. Except for { in a discrete subset of é(U"), ¢ will have m distinct inverse
images in U'under ¢. For such { one may renumber the ¢ near { to make them
analytic near {. Thus Q({, 1) is analytic in { except possibly on a discrete set.
For any of the isolated éoints {, with less than m distinct inverse images, { -

II P(l//i({), l/l].(?'])) is analytic and bounded in a deleted neighborhood of (0,

m
iuj=l
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and so extends to be analytic at {,. Similarly, for fixed { the function 7 -
l'l:."’j=l P(&/fl.((), l/l].(n)) is analytic on ¢(U"), so that Q is analytic on ¢(U") x
#(U'). Now it was noted previously that B C ¢(U’), so XgCBxBC dU") x
@(U'). Since B x B is rationally convex, Q € R(Xp)

Observe now that

|p(a)d(b)| = |expi- N(ua) + iv(a)) - N(ub) + iv(b))}|.
= expf— N(ida) + U b))}
> expg—N[Z (1+|d(ufa) + ui(b))]f by (3)
i=1
> expl- N[(1'+ K/2(ug(a) + ug(b)]} by (2)
> expi-N[1- 8+ K/2]} by (1)
> expi- N[1 - KI} by (2).

By Lemma 4, b (X g) = {¢&,ne Az' 1>l > e-N(l-K)}, so we have that

(¢(a), P(b)) € b'(XB). By definition of the t{/i there exist i and 7o such that

¥, (¢(a)) = a and x/ti (b)) = b. (Note that ¢ .(¢(a)) and (/I].((]S(b)) are well defined
0 0 !

for all 7 and j, since (¢(a), H(b)) € b'(XB) implies ¢(a), ¢(b) € B, and so by the

fact that B C é(U") we have ¢p(a), ¢(b) € (U") as desired.) Thus,

Qlgplal, $(o) = Pla, ) I Ply(dla), v (g(b)) = 0.
i=i) or j=j

It follows that there is some point (Co, 7o) € X g such that Q({o, no) = 0, as was
shown in the proof of Lemma 5. Hence

IT Py, v i) =0,

i,7=1

so that for some i, j1 we have P(l/li (CO), (//I, (770)) = 0. As noted earlier,
¢~ '(0A)C 0A and $~1(B)C S, so (z, wy) = @, €oh¥; (g € Xg. Thus P
has the zero (zo, wo) € XS as claimed.

Case 2. Suppose that ug(a) + ug(b) > 1. Let

a" S = us(a) +ug(d) - 1> 0.

Proceed to define ¢ exactly as in Case 1. Now, however, let

B' =1L eCl 1>]¢] > e~ NI*KY,
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a larger annulus than before. In fact, if z € S then ¢(z) € B' because

|$(2)| = expi- Nu{z)} = exp$~ N <us(z) + i diui(z)>$

i=1

> expi- Nug(z) + K/2)} > exp{-N(1 + K/2)}

by using equations (2) and (3) which are still valid.
Now define ®(z, w) = (¢(z), pw)) for (z, w) e O x O. ® is analytic on O x O,
so zo® and w o ® are in R(XS)' We have

|pla)p(b)| = expi- N(da) + b))}

n

< exp%—N(us(a) +ugb) - 3 |d|(ufa) + ui(b))>$ by (3)

i=1
< expi- N(1 + & - K)} by (1), (2)
< exp{- N(1 + K)} by (2).

Thus by Lemma 4, ®(a, b) ¢ b (X 51). The remark at the end of the preceding para-
graph shows that ¢(S)C B'; as in Case 1, ¢(dA) = dA, so (I)(XS) = X¢>(s>§ XB"
Thus ®(a, b) ¢ br(d)(xs)). By Lemma 5, (a, b) ¢ b’(XS).

Case 3. Suppose, finally, that u¢(a@) + ug(b) = 1. We may assume that
us(a) > 0. Choose a € S with us(an) < uS(a) and a —a. We have (an, b) —

(a, b), and each (a,, b) € br(XS), since us(an) + ug(b) < 1. Since b'(XS) is closed,
(a, b) € b (X,).

Given an arbitrary set §, one can find a sequence of regions §, Wwith proper-
ties (i), (ii) and (iii) in the definition of u¢ following Lemma 1. For each n,
int§_ is conformally equivalent to a domain bounded by circles; the equivalence
extends to a continuous 1 to 1 map on §_. By the corollary to Lemma 5 and the
special case above, the theorem holds for each S,

Since SCS_for each n, b (X()C n::l b (X ). Conversely, suppose that

n
p € b (Xg )forall n. If Pis any polynomial which vanishes at p, then there is
some poir:'t p, € Xg such that P(pn) = 0. By compactness there is a subsequence
n [
p"k converging to Py € Q" -1 Xsn = Xs, and clearly P(po) = 0. Thus p€ hr(XS).
So we have h’(xs) = nn o1 b?(XSn). Now us(z) = limn_doo usn(z) for z € S, and

the ug are monotone increasing, so
n
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5 (Xy)

ﬁ br(XS ) = F] {(z, w) eSnxSnluS (z)+us w)<1i
n=1 n=1 n n

n

I

{(z, w) €S x S| ugz) + ugw) < 1}

and the theorem is proven.
Note 1. The result can, of course, be generalized somewhat. For example, by

modifying Lemma 4 and the proof of Theorem 1, one can show

given S, S,, -+-, S then br(Sl xS, xeaex S N dA™)

={z €S xSy e ><5,,l usl(zl) Foeee + usn(zn)fn- 1}

Note 2. The restriction to sets S which are connected is not serious, since
more general subsets of A are of no additional interest. In fact, if A C T CA
and T is closed, let S be the component of dA in T. One readily verifies that

4) h(Xp)=h(Xg) U X,

) =
so that the other components of T contribute nothing to br(XT)\XT‘ We outline
a proof,

Choose nonempty compact sets K C ANS such that K,,1 2K, and
U:=1 K, = A\S. One can then choose smoothly bounded compact sets C , D
such that T C Cn U Dn, Sc Cn, Kn C Dn, and Cn N Dn =@. Let In be a finite
union of line segments which meet C_ and D precisely at their endpoints,
chosen so that the compact set S defined by S =C U Dn v ln is connected.

Observe that u; =1 on Dn U ln. As remarked earlier, u; > 0 on Sn\aA,
so, by Theorem 1, br?XS )= h(Xo )UX, . The result 4) follows by using the

n 00 n n
facts that TC S and that n'nl c, =S

Example. In [7], Wermer shows that br(XS) does not ‘‘contain analytic
structure’’ precisely when intS = &. He proceeds to construct a specific § such
that b _(X¢) # X, although intS = &. Using Theorem 1 we have an alternative
method for constructing such an S.

If |[a|<1and 0<r<1-|a|,let D(a, r)=t|z ~a| <r}. Then uA\D(a")(z)—»
Oasr — 0if z € A\lal. (For example, if a = 0, then U A\D(a,Z) = log |z|/1ogr
and this assertion is clear; the general case can be essentially reduced to the
case a = 0 by appropriate linear fractional transformations.)

Let {ai} be a countable dense subset of int A, and let b be any other point

of int A. Take D, to be an open disk centered at @, such that 51 C intA and

uA\Dl(b)S 1/4; this is possible by the preceding remark. Suppose that
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D,, D *» D,_, have been chosen. Let a be the first of the a which is not
in U:"" 1D D Choose an open disk D with center a such that D C int A\lJ"'1 Di

and u, \D_ (b)< 1/2"+1 Let S_A\U. D.. By construction int§ =@, and
ug(b)< 7 up\p (0)$1/2, 50 that (b, b) € b, (X)\X by Theorem 1.

Note. Theorem 1 also shows that one must be careful in the choice of S to
guarantee b (X() # X¢. Suppose, for example, that § is a connected compact sub-
set of A containing 0A, such that the only Jensen measures for R(S) are point
masses. Then X is rationally convex, even when R(S) £ C(S). To see this, let
{s_1”'_, be as in the definition of ug.

Given z € S\dA, let m, be harmonic measure for z as a point of Sn; each
is then a Jensen measure for R(Sn). Each p,, may be regarded as a measure on
A, and so, by passing to a subsequence, we may assume that !yn} converges
weak-star on A to a measure p with support contained in S. p represents z for
R(S) and is in fact a Jensen measure as we will now show.

Let f € R(S). Choose [ analytic on a neighborhood of S so that /m converges

to f uniformly on S as m — co. If n is large, f € R(S ) and so

logl|f,(2)] < floglf,,,l ap .
Thus for any & > 0 we have

logllm(Z)l < flog(l/ml + 0) du

and so
log |/ (2)| < hm lim flog(l/m| +5)dyn = floglfmldy.
310 n—oo

Let €> 0; then log(|f |+ €) converges uniformly on S to log(|f| + €) as m — o,

and so

lim flog(l/ | + &dp = flog(|/| + € du.

m— 00

On the other hand we have

lim flog(l[m| +€du> lim flogl[m|d;t

m — 00 m—0Q

> lim logl/ (2)| = log|/(2)|.

m — 00

Combining these results and applying monotone convergence we see that
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[ 10g171dx = tim [ 1og(|/] + )yt > log |f(2)].
€lo
Thus p is a Jensen measure for the point z with respect to R(S). By our assump-

tion on §, p is the unit point mass at z.
Choose y € C(A) such that 0< x <1, x(2)=1, and supp x C intA. Then

1> us(z) = lim uS (z) = hm as \aa ldyn
n—oo — 00 n
> nli_mw s X dp, = fg xdu = x(z) = 1.

Suppose now that (z, w)€ b (X )and z € S\OA. By Theorem 1 we have ug(w)<1-
ug(z) = 0. As noted earlier, ug(w) = 0 implies w € dA. Thus b (X = X

Note. It follows rather readxly from Theorem 1 that if 5 (X );4 X, then the
4-dimensional measure of b (X )\X is positive (in contrast to that of X¢ which,
consisting of two copies of S x A, has only positive 3-dimensional measure). To
see this, extend u to all of A by

uz) = 1 if z € A\S.

Then u is superharmonic on int A (see Lemma 6 below), so that the function g
defined on intA x intA by g(z, w) = us(z) +u (w) is superharmonic. If (z w0)6
b (X )\X ¢ then (z wo) € int A x intA and, by Theorem 1, us(zo) + uS(wO) <1.
Thus if Be is any small ball around (zo, wo) and if m denotes 4-dimensional

Lebesgue measure on C? we have by the superharmonicity of g:

volume B, f gams 1.
This implies that | (z, w) € B | g(z, w) = ug(z) + ug(w) < 1}, which by Theorem 1
is contained in b (X), has positive 4-dimensional measure.

A more careful analysis leads to a significant sharpening of this result; in
fact, we are able to show that some of the ‘‘Gleason parts’’ for R(X) have posi-
tive 4-dimensional measure. The concept of ‘‘Gleason part’’ has been useful in
the study of analytic structure in the maximal ideal space of a uniform algebra
(see, e.g., [3, Chapter V). If T is a compact set in C”, the Gleason part (for
the algebra R(T) *'="" R(h (T))) of a point p € b (T) is the equivalence class of
p under the equivalence relation:

p~q if sup3|/(p)—/(q)|l /€ R(T) and sup|f| <1} <2.
T
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(Thus, for instance, if b (T) contains a connected analytic variety V, a normal

family argument shows that the points of V belong to a single part of b (T).)

Theorem 2. If b'(XS)\XS £ &, then there is a point (2 s wo) € br(Xs)\XS
with ug(z ) + ug(w )< 1. Any such point belongs to a Gleason part of h(X¢)

with positive 4-dimensional measure.

The proof of Theorem 2 depends on several lemmas, for which we establish
the following notation:

m = 2-dimensional Lebesgue measure on the plane C;

§"={z € S| ug(z) <7}, 0<r<1 (note that S is closed since by Lemma 6

below, ug is superharmonic).

Lemma 6. ug is superbarmonic on int A (as above, we consider ug extended to A
by ug = 1 on A\S).
Proof. Take {Sn}::l as in the definition of ug. One verifies that each ug

n
is superharmonic on intA by considering three cases:

(i) if z € A\S", then u; =1 near z;

n
(ii) if z € int Sn, then ug is harmonic near z by definition;

(iii) if z € asnn intA, and r<1 - |z], then

1 2w 1 2m : 6
= = - > = f ! .
usn(z) 1=5J, dé > 5= Jo usn(z +re’”) d
Thus ug is the pointwise limit on intA of the monotone increasing sequence of

superharmonic functions {us }. So ug is superharmonic on intA.
n
Corollary. If 0< uS(z)< 1, there is a point z' near z where us(z') < ug(2).

Proof. If z € int S, the statement is trivial since ug is harmonic near z. So
suppose that z € 9S\OA. Then we can find r arbitrarily small so that the set
E = 16| z + re’’c A\S} has positive 1-dimensional measure. If we also had
u(z + reie) > u(z) for all 6, we would have

1 i 1 1
e I[O,Zn] Uz + re 6)d02 T fE 140 + '2_7—7.[[0,277]\5 (2)dO > uz).

This contradiction establishes that u(z + reie) < u(z) for some 6.

This corollary verifies the easy half of Theorem 2, since (z, w) € b (X )\XS
and us(z) + ug(w) = 1 imply 0 < ug(z) < 1. Applying the corollary to z, we have
z' near z with us(z') < ug(z). Then (z', w) has the property that us(z') +
ug(w) < 1, and, of course, by Theorem 1 (z',w)e br(XS)\XS.
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Lemma 7. Fixr, 0<r<1. If 0<uy(z)<r,then z
R(ST).

o is mot a peak point for

Proof. Again take {Sni as in the definition of u¢. Since usn(zo)s ug(z )

for all », z, € (S ) for all n. Let p_ be a probability measure supported on os?
such that for all functions f harmonic in a neighborhood of S’ we have

J- , /dp.n = /(Zo)-
OSn

By passing to a subsequence we may assume that p converges weak-star to a
probability measure pt on 5™ which then has the property that, for all { harmonic
in a neighborhood of S7, fas’ fdp=f(z,). It follows that p represents z for R(S").

Choose x € C(A) such that 0< x <1, x(z() =1, and suppy C intA. Then

u

A
xdp = lim xdp, < lim —2du
J:?S' ¥ n —00 LS’ n n—oo Jos7 T "
n n
us (z0) 4 (2)
= lim - 570 <,
7n — 00

where we have made use of the fact that u; =7 on aS;\aA (f ug (z)<r, then

. . n . n .
ug <rnear z). So p is not a point mass and therefore z, is not a peak point for
n
R(S).
loug(w,)

Lemma 8. Le: (= wo) € br(XS)\(XS), and suppose that zy~ 2, in$S

Then (z , wo) € b (XX, and (2, wo)~ (z,, w) in b (Xo). Similarly, if

L leug( .
w,~w in§ ~“S zl), then (z,, wl) € b’(XS)\XS and (zl, wl)-\, (zl, wo) in
b(X).

Proof. Let
K= b’(XS) Nz, w)| w= wol

l-ugwg)

=z, wy) € A? ug(z) <1-uglwp)=$ x fwgl.

K is a compact subset of the plane {w =w}, and is nonempty since (z, w,) € K.
1-ug(
Since we have assumed that z, € s s “o)
so (zl, wo) € br(Xs), whence (zl, wo) € K,

Let F € R(y (X)), |F | <1,and F (5, w)) =+ 1. Then F,(z, w,) € R(K),

1<
|F (2, wy)| <1, so by the assumption that z ~ z inS$ us(wo), F (z ,wg)—+1.

» we have ug(z,)< 1~ ug(wy),
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Thus (z, wo) ~ (zl, wo) in br(XS). The second half of the lemma follows by
applying the same argument with the roles of the coordinates reversed.
Proof of Theorem 2. Choose & so that 0< 8 <1 - ug(z,) - ug(w ). Let

l—us(wo)

3

l—uc(wy)
T,={z €S s 0|us(z)§us(zo)+3,z~zo in §

l-us(zo)-S 1-"S(zo)_8§

| w~wy in § .

T2 =.{w €S

IfzeT,, (z, w0)~ (ZO, wo) in br(XS) by Lemma 8. We also have uS(z)S
loug(z) _ 1lulzg)-3
PR

”S(zo) + 0, so that § . Hence if w € Tz’ then w ~ w, in

1-us(z)
§ TS, By Lemma 8, (z, w)~ (z, w,) in br(XS). Thus (z, w) ~ (zo, w,) in

b, (X¢), and so the part of R(h (X)) to which (z, w ) belongs contains T, xT,.
Since R(X¢) can be identified with R(b (X)), the theorem will be proved if we
show that m(Tl) > 0 and m(Tz) > 0.

For 0<R<1 - |z4], let

Ep = {z €] ug(2) > ug(zy) + St nilz -zy| <RI
By the superharmonicity of ug, we have
1 1
ulz)) > -<= ulz)dm > —— (ulz,) + 8) dm
70 ‘ﬂRZ f|z—zo|<R § T aR2 fER 70
= [uS(zo) + alm(ER)/ﬂRz'

Thus m(Eg) < nRZ(us(zo)/(uS(zo) + 0)). lNote(also that ug(z,) <1 - ug(w), so by
Lemma 7, z,, is not a peak point of R(S —us wo)).
Let K be a compact subset of C, and suppose that x € K is not a peak point

for R(K). Given €> 0, let

r/eR(K),supl/|£1$<€$-
K

P, = 3)1 €K sup3|/(x) -

A theorem due to Browder says that
m(F’€ Niy eC||x -yl <1/2})
lim =
n—oo mly €C||x - y| < 1/n})

(see [13], or [9, pp. 175-177]). In particular, if € =1 this says that the part of
R(K) to which x belongs has density one at x. (This consequence of Browder’s

theorem was also proved by Melnikov [14] and by Wilken.) Applying this to

leuglwg) .
z €S , We obtain
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l—uc(w,) l-uc(wg,)
mizes 5 0|z -z <R, z~z, in§ S0 > ﬂRz(us(zo)/(uS(zo)+8))

for R sufficiently small.
Combining this result with the above we see that for R small and positive:

m(Tl Nz - zo| < R}

T-ug(wg)

D

m ({z] |z - z)| <R, uglz) <uglzg) +8, z~z; in S

1]

m({|z - zo| <RY) - mlEp)
lT-ug(w

o

- mliz| |z - zol <R, uS(z) < "S(zo) + 6, but not z ~ zy in §
udz,) ulz,)
>17R2—nR2<———S——0——->- 17R2—17R2<—-—§,—0—-—> =0
us(zo) +06 us(zo) +0

In particular, m(Tl) > 0,
Finally, ug(w ) <1 - ug(z,) - 8 by definition of 3, so by Lemma 7 w is not

~ug(zg)-8

1
a peak point for R(S ). Thus '"(Tz) > 0 since nontrivial parts have

positive measure. This and the last corollary complete the proof of Theorem 2.

2. Let B denote the closed unit ball in €2 ={(z, w)| |z|? + [w|2 <1}, ¥ T
is an arbitrary compact subset of the open unit disk, we associate with T a subset

of the 3-sphere {|z|? + |w|? = 1} by defining

}T ={(z, w) €dB| z € T}

Two observations about R&T) can be made immediately. First, since it is
well known that if X is a compact subset of C” then R(X) is generated by n + 1
functions (for a proof see Lemma 11), the algebra R&T) is finitely generated.
Secondly, each point of }\(‘T is a peak point for R(')\('T); this is in itself a trivial
observation, since if Y is any compact subset of 9B then each point (z, wo) € Y
is a peak point for P(Y)—hence for R(Y)-because P(z, w) = (E’oz +wow + 1)/2
peaks at (z, w). (This explicit peaking function was pointed out to me by
several people.) This latter fact, however, becomes particularly significant in

conjunction with the following result:

Theorem 3. Suppose that the only Jensen measures for R(T) are trivial, and
R(T) £ C(T). Then
~ ~N
(i) the maximal ideal space of R(X)is X, i.e., Y’I‘ is rationally convex;

(i) RX ) £ CR ).
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Thus for such a T properties I, II, III mentioned in the introduction are satis-
fied by the algebra A = R(')\(T)‘ The proof of Theorem 3 can be divided into two

lemmas.

Lemma 9. Suppose that T is a compact subset of the open unit disk, and the

only Jensen measures for R(T) are trivial. Then }T is rationally convex.

Proof. Suppose (a, B) € b’('x.r). Let p be a Jensen measure on %T for the

homomorphism corresponding to evaluation at (@, B). We assert that
supp p C{(z, w) € X1| z = al,

The latter set is a circle which we denote by I-'o_.

Observe that a € T, since otherwise z — a vanishes at (a, 8)but has no zero
~ . -
on X.. Define a measure pton T by

J.T o di = f}’r glz)dulz, w), g e€C(T).

Let f € R(T); then since p is a Jensen measure for (a, B)
1 (a)| < J» 1 (2)| dulz, w) = log|/(2)| di(=).
ol/(@)] < [y logl/(2)] d Jr

So I is a Jensen measure for a with respect to R(T). By assumption, p is the

unit point mass at a. Hence
#(Fa) = fra dll = f{a} dp=1.

Since p is a probability measure, suppp C ' .
~
Now w # Oon X, so 1/w € R(')\\’T). Thus

'l‘ i,
B
or |Bl>1- |a?)!/2. Since (a, B) € B we must have |B|= (1 - lalz)l/z, whence
(@ By € Xy

Lemma 10. Let T be a compact subset of the open disk such that R(T)# C(T).
Then RX 1) £ CX ).

1 1
B e e ve
- fra lwl " (1-]a®)"

X.rw

Proof. Let p € (), p LR(T), p#0. If z, € intA let ™o be normalized

Lebesgue measure on the circle on ={(z,, w)| |wl =@ - izolz)I /2y Define a

measure [l on ?T by
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f',‘g_r gdp = f.r [f"z glz, w) dmz(w)] du(z), ge C(')\('T).

Note that i # 0. We wish to show that i 1 R(X’T), so let f(z, w) be a rational
function holomorphic in a neighborhood of ')\('T. For z near T in C we may define

a function
a(z) = J-l‘ (z, w)dm (w);

we assert that a(z) is analytic in a neighborhood of T.
Fix z, € T. For some ¢>0and R, > (1 = lzolz)l/2 >R, >0, f(z,w) is

analytic on
0=1{(z, w) €C? |z -z5| <€ Ry >|w| >R,k

On Q, f(z, w) may be expanded in a Laurent series in w:

[z, w) = 3 al2)uw”,
n=-o00
where
1 {(z, w)dw
a (Z) = = ————
n 2mi f|w|=(1-|z0|2)l/2 wntl

is analytic in z. But then

Z a"(z)w"dmz(w) = a(2)

Z n=-x

alz) =Vfl‘ [(z, w)dm (w) = fl"

is analytic for z near z . So the assertion is proven.

Consequently we have

f% [ df = fT [ fr /(z, w)dmz(w)]du(z) - fT a(z) du(z) = 0.
T z

Thus R(')\(.r) # C&T)' This completes the proof of Theorem 3.

3. We wish to consider sets of the type 3(‘7. described in §2, where we again
require that T be a compact subset of intA. We impose the additional requirement
that 7 be a *‘Swiss cheese”’, so that R(T) # C(T). For our purposes a Swiss
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cheese T is a compact subset of C with empty interior, formed by deleting from a
piecewise smoothly bounded connected compact set S a sequence of nonempty
piecewise smoothly bounded simply connected open sets 0,, subject to the
conditions:
)0, N0 =@ ifm#n
(i1) Om CintS for all m;
Gii) I _, length (90 )< w,
With this definition the example in Browder’s book [9, p. 192] is a Swiss cheese.
Theorem 4. Let T C intA be a Swiss cheese. Let K be a compact subset
of ')\(‘T with nonempty interior in the topology of %T’ Then R(K)# C(K). Conse-
quently, the restriction of R(')\('T) to K is not dense in C(K). (Note that, in par-

ticular, T may be chosen so that ')‘('T satisfies Theorem 3.)

Proof. We will construct a measure p on K such that p 1 R(K) and ;t’é 0. For
simplicity we may suppose that (0, 1) is in the interior of K relative to X .. It
follows that, for some positive €< 1 and some positive 6, < 7, K contains the

~
set FN XT where

F ={(z, w) €9B| |z| <¢, |arg w| <O}

Since T is a Swiss cheese, we may write T = S\U:___1 Om with S and Om as in

the above definition. Let
n
K,=Y(z, w) eF|lz €S L_Jl 0,.%, if n>0;
m=

sothat K CK_foralln> 0, and n:"=l K = KNF. If Uis any small open
neighborhood of

{(z, ) € Cx R |z| < ¢, 16] < 6}

then the map y: U — 9B defined by
Wz, 0) = (z, %1 - 121D, (2, 0 €U,

establishes a real analytic diffeomorphism of U with an open neighborhood of K,
as a subset of 0B. For n=1,2,-+- let 60Kn denote the boundary of Kn

relative to dB.
Ve may visualize K, K,,++ and 9K, 301(2,' ++ by means of the map (/1-1:
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o= l(Kn) = {z 63\0 o_l || Se} x{16] <6,}, n>0;
m=1

|z] <ep x {]6] <6}

9K, = {z €ds v ( U aom>
m=1
U{z es\ U o_| |z =e} x {|6] <6,
=1

n
u{z es\ U 0, || SG} x{-0y, 058, =n>0.
m=1

From this it is evident that, for each n, n =1, 2, -+, the set K is the
closure of an open subset V  of B and

(i) 9,K_ is *‘piecewise smooth”’;

(ii) V,_ “‘lies on one side of d K *.
Ve may therefore apply Stokes’ theorem to V  and aoKn. (See [15, pp. 271-275]
for precise definitions and a statement of an appropriate form of Stokes’ theorem.)

Let f be analytic in a neighborhood of K . The preceding remarks show that

f fdz A dw
aOKn

1)
=f (ﬂdﬂ'z’-dw)/\dz/\d,ho.
v.\ez = ow

z w
Let p, denote the measure on aoKn corresponding to the form dz A dw.

We may regard {u } as a sequence of measures on K, because K C K, for all

n > 0. We assert that the condition
) 2 length (90, ) <
m=1

implies that the p converge in norm. In fact, suppose that f is C* in a neigh-
borhood of K, and sup, Ifl <1. If N>M>O0, then
1
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= - s dz A di
= If"o’(,v f(z, w)dz A dw LOKM f(z, wydz w

le fduy - le [y
[z, M dlz o) Adwoy) - [z, ) dz o) A dw o)

-1
TG K )

= f—l
VAR CN 30

N

"

i 172 dw dw
}/(z, 1121 " Vdz A (a_Edz +:93d0

(fl(z 0)| |z|se,z€d0 _,|6]<6,

m=M+1

'f!(z,e)l|z|=e,zeom,|6|590¥/ 0z a6

01 1.12)172 dw o Iw g
‘fuz,e)l|z|5(,zeom,e=wol’(z'"’ (11275 d= A(az “t 36

1/2

(z, e®1 - 2" D dz A ("'”d- N ‘3'id(9)

1/2

)dz A (ie'(1 - |2]?) d())‘

L

6,
qu'S‘ 2 €30 |9I<00;/(Z.e (I-IZP)

1/2

[z %1 |2[DV D dz A (i1 - |2|D) do)‘

*'fi|z|=f,zsom,|e|seoz
i6
i6 7172 -e'z

*lft|z|sc.z€0,,,.9=i9ol f(z, e (1-|2[%)" " dz A (—————1—2-2(1 - |z|2) v ﬁ)’)

> sup|f| - lengeh(d0 ) - 26 + sup|f| - lengeh(dO ) - 20
m=M+1 \ Ky K,

+ 2 suplf| - 2 area(0 ) - ¢
K, A2

N
> <400 length(A0 ) + (-i- 2‘2

m=M+1 - €

)‘1'72 area(Om)>

which by (2) converges to zero independent of f as M, N — oo,

Let p be the uniform limit of the K, Since supp K, C Kn and K"+l C Kn, we
have suppp C n" =1 K, =K NF. If [ is analytic in a neighborhood of K, then f
is analytic in a neighborhood of some K, and for N > M we have fa k. fdpy =0,

0N

by (1). So
fdu = lim fduy = 0.
fK Ne—so LOKN N

Thus p 1 R(K), and it remains only to show that p £ 0.
Choose M > 0 so that 0, N {lz] < e £ . Let g(z) be a bounded Borel func-
tion on C such that g(z) = O unless z € {|z] < & N aOM’ and such that

f“zlsc,zeao‘“} glz)dz = 1.
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Let f(z, w) = g(z)/iw; then for N > M, 1y agrees with py on the support of [, so

_ g(2)
fKI fauy = le feuy = faOKM TN

- g(z) dz A ..ial_ 2 I/Zdo
'fllzlse,zeaoM,mseO;W z A (ie™(1 - |2]) )

=20, f{lzlsc,zeaoM} glz)dz = 200 #0.

Thus [, /dp# 0, and so p £ 0.

4. Our final objective is the construction of smooth sets with the pathological
behavior discussed in the first two sections. The key result we need is that for
any compact subset X of C? we can find a smooth function [ such that z, w, f

generate R(X). More precisely, we have the following result:

Lemma 11. Let X be a compact subset of C". There is an [ € Cy(C") such
that the restrictions to X of z,,+-+, z and [ generate R(X). Furthermore,  may
be chosen so that flb'(X) € R(b (X)), i.e., /lb’(X) coincides with the natural
extension of /|x to the maximal ideal space of R(X), b (X).

As the proof is simply a modification of the proof that R(X) has n + 1 gen-
erators (see, e.g., [9, p. 16]), we leave it to be included as an appendix.

One addition to the notation previously introduced is needed.

px» for X a compact subset of 0B, will denote an arbitrarily chosen C* real-
valued function on dB which is zero precisely on X. It is easy to construct such

a function. A similar function was used by Freeman in Example 5.3 in [16].

Lemma 12. Let X be a compact subset of OB. Let U be a uniform algebra on
X which contains the polynomials in z and w, and suppose that there is a function

/ € C*(dB) such that z, w, { generate U . Define a uniform algebra U' on IB by
U’ = {g € CB)] gl € UL
Let ®: 9B — CS by
Bz, w) = (z, w, [(z, w), pylz, w), Zpy(z, w), Bpy(z, w))

Then ® establishes an isometric isomorphism between the algebras U' and
Pl®©0B)l by F > Fo®~! for F e U’.

Proof. First observe that z, w, [, py» Zpy and zT/'px are in U, In fact, we
claim that they generate & '. Let B be the subalgebra of U'generated by these
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functions, and let p be any measure on 0B orthogonal to B. We will show that
U'=%B by showing that p LU'.

Now if g € C(dB) and gl = 0, then g is uniformly approximable on 9B by
polynomials in z, w, py, Zpy, Wpy—this follows from the Stone-Weierstrass theo-
rem for locally compact spaces, since the real-valued functions py(z + 7),
px(z -z), px(w + w) and px(w — W) separate the points of BB\X. Thus
supppu C X. But B contains all polynomials in z, w and f, so by the hypothesis
that z, w and [ generate ¥, we have u +2U’,

Since the coordinates of the map ® generate U, it follows that ® establishes

the required isomorphism.

Theorem 5. There is a C™ 3~sphere 2, C C® such that b(zl)\zl is nonempty

but does not contain analytic structure.

Proof. Let Y= X with § chosen as in Wermer [7] or as in the example on
p-365with b = 0. Y has the following relevant properties:
(i) (0, 0) € b (Y);
(ii) b (Y) does not contain analytic structure;
(iii) Y C 0A?, the topological boundary of the unit bicylinder.
By Lemma 11 there is an [ € C°°(C2) such that z, w and { generate R(Y), and
/€ R((Y)).
Let X =5 (Y) N 9B, U = the uniform algebra on X generated by z, w, f.
We observe as follows that the maximal ideal space of ¥, which we shall
denote by M, may be identified with 5 (Y) NB.
I (zg, wy) € br(Y) N B, and G is a polynomial in z, w, [, then

|G(z, wg)| < maxt|G(z, w)|| (2, w) €[(Silov boundary R(Y)) M (B N b'(Y))l
u(@B N b (VN

= max |G|
X

by the Rossi local maximum modulus principle. Thus evaluation at (z, wo)
induces a homomorphism on U.

If, on the other hand, m is a homomorphism on ¥, then since z, w, { generate
R(Y), m induces a homomorphism of R(Y) and so corresponds to evaluation of
z, w, { at some point (z,, w,) € b (Y). Since B is polynomially convex, we must
have (z,, w,) € b,(y) N B.

We have therefore established the following facts about the maximal ideal

space of U:
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(i) (0, 0) € M;

(i1) M does not contain analytic structure.
Let U'={F ¢ C(&B)' F|y € Y}, The maximal ideal space of U’ may evidently
by identified with dB U M, and the Silov boundary of ¥’ is dB. Clearly the maxi-
mal ideal space of U’ does not contain analytic structure.

Let @ be the map of (z, w, f, py» Zpy» Wpy) as described in Lemma 12.
Let £, = ®(dB). By Lemma 12, U'and P(X,) are equivalent uniform algebras,
so b(zl)\zl is nonempty but X, does not contain analytic structure.

Note. The same technique may be applied to Stolzenberg’s example [8] to
obtain sucha %, in C’ rather than C°,

Theorem 6. There is a polynomially convex C° 3-sphere 22 C C® such that
every point of 22 is a peak point for P(Zz), but P(Ez) £ C(zz).

Proof. Let X be the set ')\(’T of Theorem 3. Since X C 0B, by Lemma 11 there
is an f € C*(dB) such that z, w and f generate R(X). Let

U=R(X), U'={F eC(dB)| F|, € U.

Clearly the maximal ideal space of 2’ is B, every point of 0B is a peak point
for A', but A' £ C(dB). Let ® be the corresponding map as described in Lemma
12, and let %, = ®(dB). Then U’ and P(%,) are equivalent uniform algebras, so
2, has the required properties.

APPENDIX (PROOF OF LEMMA 11)

Notation. If o= (a,+++, a, ) with each a; a nonnegative integer, then D*
is the differential operator on C(C”) defined by

lal
D%/ - A lf e C‘:(C"),

a a a a
d 'z .u0 "z 9 "z, ...0 2
n n

2n
where |a| = 27, a..

Lemma 11. Let X be a compact subset of C*. There is an f € C:(C") such
that the restrictions to X of z 5"+, z and [ generate R(X). Furthermore, [ may

be chosen so that flb'(X) € R(b (X)), i.e., ”br(x) coincides with the natural
extension of [|y to b (X).

Proof of lemma. Choose a sequence of polynomials g,, 8,»" " so that each
g,, has no zero on X, and so that ip/gml p is a polynomial, 1 < m < oo} is dense
in R(X). For each m let b, be a C:-extension of I/gm from br(X) to C” (note
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that g does not vanish on 5 (X)), and arrange so that the supports of the b,'s
are all contained in some fixed compact subset of C".

Now choose positive constants c,, ¢,,*** so that

G) ¢ mSUP_ C,,sup0<la‘<mlDab )| <27m,

(ii) for 1 < k<m c_sup . |gk(x)/g (x)| <27"™¢ cpo for m=1,2,-++, Let
[=2,_, cthyr By (@), [ € CH(C™), and f‘;,,(x) € R(b (X)).

The proof may now be concluded exactly as in [9]; for this purpose we hence-
forth regard all functions as functions on X, so that for example b, = 1'/gk. Ve
will show that the algebra A generated by z,, z,,++*, z,, [ is R(X). By choice
of lg 1,is it ‘sufﬁcient to show that 1/g, € A for all k.

Let [, = m k m/g =1,2,---. Then f, =f€ A, and if l/gl, l/gz,
,1/g,_, €A, then [, € A. Proceed by induction: if f, € A, then f, g, € 4,

o0 o0 .
and [y g, =4+ 2, 4.1 €n8: 8, By (i), ¢ > supy ‘2m=k+l Cmgk/gml’ so
(/y g,e)'l €A, so l/g,e € A. Thus the induction is complete and so is the proof

of the lemma.
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