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ON RATIONALLY CONVEX HULLS

BY

RICHARD F. BASENERi1)

ABSTRACT.  For a compact set  X C   C", let  h (X) denote the rationally

convex hull of X; let A denote the closed unit disk in C; and, following Wermer,

for a compact set S such that äiCSC A let X^= SxSfl  JAJ.   It is shown that

hr(Xs) = \(z, w) eSKS\ us(z) + us(w) < li

where  uç  is a function on S which, in the case when S is smoothly bounded,

is specified by requiring  u^laA = ^, u_l    ,.. = A = 1 and u    .        harmonic.   In

particular this provides a precise description of h (X )    for certain sets  X C C

with the property that  h (X) p X, but  h (X) does not contain analytic structure

(as Wermer demonstrated, there are S for which X = X,. has these properties).

Furthermore, it follows that whenever  h (X  ) p X    then there is a Gleason part

of h (Xç) for the algebra R(X ) with positive four-dimensional measure.   In
r ■ 2

fact, the Gleason part of any point  (z, w) £ h (X  ) O int A    such that    uÂ*) +

u„(w)< 1  has positive four-dimensional measure.

A similar idea is then used to construct a compact rationally convex

set   y C C     such that each point of Y is a peak point for  R(Y) even though

R(Y) / C(Y); namely,   Y = XT = l(z, w) £ C2 | z £ T, \w\ =v/l _ |2|2jwhere T

is any compact subset of int A having the property that  R{T) p C(T) even

though there are no nontrivial Jensen measures for  R(T).   This example is

more concrete than the original example of such a uniform algebra which was

discovered by Cole.   It is possible to show, for instance, that  R(Xj) is not

even in general locally dense in   C(X„.), a possibility which had been suggested

by Stuart Sidney.

Finally, smooth examples (3-spheres in C  ) with the same pathological

properties are obtained from   X„ and X    .

Introduction.   Let X be a compact subset of C".   RQ(X) is the algebra of all
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rational functions  P/Q on C" with P, Q polynomials and Q ^ 0 on X. R(X) is the

uniform closure of RQ(X) in C(X). h (X), the rationally convex hull of X, is the

set \z £ C" | for all polynomials P such that P(z) = 0,   P has a zero on X|.

While every X C C is rationally convex, i.e., h (X) - X, in C     even a compact

arc may fail to be rationally convex.   (See the example of   Wermer [l] and Rudin

[2] or [3, p. 70].   Wermer's example is in C  .)   The rationally convex hull of a

general "circled" compact set in C" has been described very thoroughly by de

Leeuw [4], [5] and Rossi [6].   A set X C C" is "circled" if, whenever (z    • • • ,

zn)£ X, (Aj,---, An)e C" and |A.| = 1 for 1 <;'<», it follows that (X^^---,

X z  ) £ X.   Suppose that X is a "circled" compact set in C", that int X   is a dense

connected subset of X, and that intX meets every coordinate axis \z. = Oj which

X meets.   In this case their result is that

br(X) = closure |(*lt ••-,»,,) e C"| (log kj, • • •, log|*J)

£ linear convex hull {(s p • • •, sj € W\ (/ *, • • • , e*") £ X|j.

The general case follows by taking a decreasing intersection of such sets (see

also [3, pp. 71-76]).

In the first section of this paper we describe h (X) fot certain sets X con-

tained in the boundary of the bicylinder which were first discussed by Wermer [7].

Given a compact set S contained in the closed unit disk A and containing the

boundary of the disk (9A, let

Xs = \(z, w) £ C2|  |z| = 1     and   w £ S,  or   \w\ = 1     and   z 6 S\.

A set   Y C C"  is said to "contain analytic structure" if there is a nonconstant

analytic mapping from a disk to C" whose image is contained in Y.   As was ob-

served by Soltzenberg [8], the open mapping theorem implies that if Y contains

analytic structure, then one of the coordinate projections z .(Y) has nonempty

interior in C.   Wermer in [7] constructed an S such that b (XS)\X s P 0 but int 5 =

0, whence  h (X-)C S x S does not contain analytic structure.   (The first example

of this general type is due to Stolzenberg [8], who proved the existence of a com-

pact set XC C    which is not polynomially convex but whose polynomially convex

hull does not contain analytic structure.)

First assume that 5 is a compact connected subset of A containing <3A, and

write S = n°°   t  S    where
■   'n = 1      rz

(i) each    S    is a compact connected smoothly bounded subset of A;

(ii) S    is a neighborhood of 5      . in A.

Define  zz   € C(S  ) by requiring that u    be harmonic on int S  ,   un = 0 on <9A
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and zz   = 1 on dS \dA.   For z £ S let
n n

uAz) =    lim    u  (z).
•J 77

72—.oo

The main result of Vl may then be stated as

Theorem 1. h (X„) = \(z, w) £ S x S\ uJz) + uJw) < 1\.

The determination of h (Xç) yields some quantitative information:

Theorem 2.   // (z, w) £ h (X„)\X    and us(z) + uAw) < 1, then the Gleason

part of (z, w) in R(XA has positive 4-dimensional measure.

This leads almost at once to

Corollary.   // h (X^) p1 Xs, then the 4-dimensional measure of h (X  )\X_   is

positive.

One consequence of Theorem 1 is that there are compact connected subsets

S of A which contain <9A and for which  X„  is tationally convex even though

R(Xç) /= C(X-).   For example, let S be a compact connected subset of A such that

S D dA, R(S) p" C(S), but the only Jensen measures for R(S) are point masses

(such an S can be obtained by a simple modification of an example due to Browder

(see [9, p. I92])).   It can be shown that us = 1 on S\c9A, so that hr(Xs) = X$ by

Theorem 1.   This suggests that such S might yield interesting rationally convex

sets in other ways.

The second section of this paper is essentially independent of the first.   In

it we exhibit a concrete example of a uniform algebra A defined on a compact

metric space (its maximal ideal space ) with the properties:

(I) A does not contain all continuous functions on its maximal ideal space;

(II) every point of the maximal ideal space of A is a peak point for A;

(III) A is finitely generated.

The first example of such an algebra is due to Cole (unpublished); his example

is a modification of an algebra satisfying (I) and (II) which is constructed in his

thesis ([10]; or see [9, pp. 255-262]).

Let T be any compact subset of intA   such that the only Jensen measures

for R(T) are trivial, but R(T) /=■ C(T); Cole's construction also begins with such

a T (examples of such T, besides the previously mentioned one in [9], are found

in [ll] and [l2j).   We use T to obtain a compact subset of the boundaty of the unit

ball in C    by defining
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XT = \(z, w) £ C2|  |z|2 + \w\2 = 1,   z £ T\.

Iheorem 3.  If A = R(XT\ then conditions (I), (II) and (III) zzre satisfied.

In the third section we show that under suitable restrictions on T, the proper-

ties of Xr are enjoyed locally.   This does not follow from the general arguments

used in the second section, because there the construction of an annihilating

measure for  R(X„) is not local.

Let  TC {|z| < 1| be a "Swiss  cheese" in a sense to be made precise later.

(The previously mentioned example of Browder satisfies our definition.)

Theorem 4.   // K is a compact  subset of X- with nonempty interior in the

topology of Xj, then the restriction of R(X~) to K is not dense in C(K).

In the fourth and concluding section we demonstrate that no smoothness as-

sumptions alone can be sufficient to avoid the pathological behavior exhibited by

the sets  X^ and Xj. discussed in the first two sections.   Here we will be inter-

ested in the algebra  P(X) and its maximal ideal space h(X), defined for a compact

set XC C" as follows:

P(X) is the uniform closure in C(X) of the polynomials in the coordinate

functions z,,•• •, z .
1 ' '     77

¿(X), the polynomially convex hull of X, is the set \z £ C"|  for all polynomials

p in Zj,---, zn,   \p(z)\ < maxx \p\}.

Starting with the example in [7], or with the alternative use of Wetmer's con-

struction on p. 365, we prove the following.

Theorem 5.   There is a C°° ^-sphere S   contained in C    such that h(S,.) con-

tains points not in  2.   but does not contain analytic structure.

*\*
We obtain a similar result by starting instead with the set XT oí the second

section.

Theorem 6.   There is a C°° ^/-sphere 5A contained in C    such that è(S.) = 2-,

every point of 2    is a peak point for  P(2  ), but  P(22) / C(22).   In other words

P(S ) satisfies the above conditions (I), (II) and (III).

1. We will employ the following notation throughout:

A will denote the closed unit disk; A    is then the closed unit bicylinder

\(z, w)£ C2| |z| < 1, \w\< li;

dX will denote the topological boundary of a set X C C,  C    or C" depending

on the context;

Xr, where  T C A, will denote the set \(z, w) £ A2\ z £ T and \w\ = 1 or |z| =

1 and w £ T\;
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S (or S  ) will denote a closed connected subset of A such that (9A C S (or S  ).
n — n

The following lemma, which is stated in a slightly different form in [7], will

be useful to us:

Lemma 1.  Fz'x p e A  .   If p i h (XA), then p £ h(K) for some compact set

KCX ^s.

Proof.  It p i h (XA>, then there is some polynomial P such that P(p) = 0, but

P has no zero on Xs.   Let V be the component of \x £ C  | P(x) = 0¡ which con-

tains p, and let   K = V n <9A   .   By   assumption,   K D X    = 0 ,   so   that

K C\(z, w) £ d&  I z ^ r or w i S\ = X .» „.   By the maximum principle, if Q is any

polynomial on C  , then   \Q(p)\ < suPx£ K lö(x)|, so p £ h(K) as claimed.

Delinition.  Given S as above, it is possible to choose a sequence  \S  \   _ .

of closed connected subsets of A which contain dA and satisfy

(i) S     is bounded by finitely many disjoint smooth curves;

(ii) S    is a neighborhood of S     , in A;
n B n+ 1

G¡i)í-n;., î..
Let zz    be the unique function in  C(S  ) which is harmonic on int S     and satisfies

n "» rz n

zz   |(9A = 0, u   \dS \(9A = 1.   For z £ S we define zzc(z) = lim        zz (z).  By the maxi-
77 ' zz,! j n —tOC  n

mum principle the functions zz   are monotone increasing, so uAz)  exists for each

z £ S.   For future reference note that uAz) > 0 on S\dA whenever 5 / A.

Lemma 2.   zz,.  is independent of the choice of \S   \.

Proof.  Let \S  \°°   ,   be another sequence of compact sets as above, and let
m m— i

\u  ! be the corresponding functions in C(S  ).
m i o m

Given any n, S   is a neighborhood in A of 5     ., hence also of S.   Since

("|    _ , S   = S, there is an integer  zzz. such that 5    is a neighborhood of S     ; in

particular, dS      C S  , so  zz      > u    on S     .   Thus we have for z £ S:
r '        m„ —     n m0~     " m0

lim    u   (z) > zz     (z) > u (z).
m        —     m „        —     n

772 —oo u

Since tz was arbitrary, lim       „ u (z) > lim zz  (z) = zz,.(z).   Similarly,
'* m —oo    m       _ n—oo    ni '*

lim u  (z) < uAz) fot all z £ S.
772 —'OO     772 —       J

Observe that if S is "nice," then u$ has the following properties.

Lemma 3.  // S is bounded by a finite number of disjoint smooth curves, then

zz    £ C(S), zz.  is harmonic on int S, and zz   | <9A = 0, zz_ | dS\dA = 1.

Proof.   Pick \S  \ satisfying (i), (ii), (iii) in the definition of u~, and let Izz  !

be the corresponding functions used to define us-   Let zz £ C(S) be harmonic on
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int S and satisfy u \ dA s 0,  u\ dS\dA = 1.   Since S is smoothly bounded, there is

a sequence of harmonic functions \v   \ each defined in some neighborhood of S,

such that v    converges to u uniformly on S (see for example, [9, p. 184]).

If z £ S, then for all n, u  (z) < u(z) by the maximum principle, so us(z) <

u(z).   To prove the converse, we may assume that  v    < 0 on dA and v    < 1 - l/m1 ' 777   — 777  —

on S.   Given any m, we choose n sufficiently large that S   C\v    < 1¡; then

vm | dS   < un | dS  , so that v   (z) < un(z) < zz^fz).   Since m was arbitrary, u(z) =

lim      „y  (z) < zzc(z), whence uc = u.777— oo    mv    » —      ix    " i

Our main result may now be stated.

Theorem 1.  hT(Xs) = i(z, w) e S x S| us(z) + us(w)< 1\.

We first prove two lemmas.

Lemma 4.   Let B be the annulus \z £ C| 1 > |z| > r\.   Then h (Xß) =

|(z, w) £ A   I  \zw\ > r\.   (This is a special case of Theorem 1, since by Lemma 3,

uB = (log |z|)/(log r).   It is also a special case of a similar theorem for "circled"

subsets of C", referred to in the introduction.)

Proof.   Fix  (zQ, wQ) 6 A   .   If  |z0t¿z0| < r, the polynomial   P(z, w) = zw - zQwQ

vanishes at (zQ, zz^), but has no zero on Xß, so (zQ, wQ) i hr(Xß).

Conversely, suppose that   |zqW0| > ?•   The polynomial  P(z, w) = zw  is larger

in modulus at (zQ, w Q) than it is on any compact subset of X ... ß.   By Lemma 1,

(z0, mz0) e ¿>r(xB)-

Lemma 5.   Le/ X be a compact subset of C" and let $: X —» Cm.   Suppose

that z. o <J) e R(X) /or eaci coordinate projection z.,  i = 1, 2, • • • , m.   Then

<s>(hT(X)) ç bTmxy).

Proof.  Fix p0 £ h (X), and suppose that P is a polynomial on Cm such that

P($(p0)) = 0.   We must show that P has a zero on $(X).

Any function  F £ í<(X) which has a zero on h (X) must have a zero on X.

Indeed, suppose  F(p) = 0 for some p £ hf(X).   Choose  /    £ Rn(X) such that

supx \F - fj < 1/n.   Let gn = f„- f„(p), then gjp) = 0, and gn = PjQn for

some polynomials   P , Q   with Q   ^ 0 on X hence on hr(X).   So  P^jip) = 0» a"d

since  íe¿ W>  p (?  ) = 0 for some p   £ X.   Then g (p ) = 0, so that

|F<P„)| < |F(p„) - /„(/»„)! + |/„(P„) - />)| + l/>) - F(P)|

5 l/«+ lg„(p„)l + 1/«- 2/«.

Some subsequence  p     -^ px £ X, so that  FXp^,) = 0 for some p^ £ X as claimed.

k



ON RATIONALLY CONVEX HULLS 359

In our case, P(4>) £ R(X) and P($)(p0) = 0, so we conclude that  P(0)(/>) = 0

for some p £ X.   Thus P has a zero at $(/)) e 3>(X) as desired.

Corollary.   Let S be finitely connected.   Suppose that A is a one to one con-

tinuous map from S into A szzc¿ that A(dA) = <9A and A is holomorphic on int S.

Define <D: hi\Xs) — A2 by *(z, w) = (A(z), A(w)).   Then <\>(hf(Xs)) = ¿r(X0(S)>-

Proof. A £ R(S) since S is finitely  connected    (see, for example, [9, p. 231 ]

or [3, p. 51]), and similarly A~    € R(A(S)).   Since evidently Xs C S x S,

h (Xs) C S x S, so that z ° $ and w o rj> are in R(¿> (X^)); similarly z o 4>~ 1 and

zzz ofj)-1 are in R(hr(X^s )).     Observe that

Xcpts) = HC, v)\ Kl = 1, >?e <M*>   °r M = 1. £e #*)!

= j(0U), <¿U))| |z| = 1, w £ S   or \w\ = 1, z € 5} . <KX5).

Lemma 5 applied to $ yields

<KAr(xs)) Ç Ar(<NXj)) = Ar(X^(S)),

and applying Lemma 5 to <t>~     we have conversely

= <D(<D- '[¿r(<D(Xs))l) C <%($" ! o (|>(xs))) = <D(¿r(X5)).

Proof of Theorem 1.   We first prove the theorem for those S of the form  S =

A\ U   _i int D ., where the  D. are disjoint closed disks in int A; then we shall

deduce the general case by a "limit" argument.   To avoid triviality we assume

tz > 0.   In the simplest case  72 = 1, we can reduce the problem to the situation of

Lemma 4 by mapping 5 onto an annulus via a linear fractional transformation, and

applying the corollary to Lemma 5.   For 72 > 1   we would like to imitate this pro-

cedure by defining A: S — \ 1 > |£| > r\ such that cA(r3A) = j |£| = 1 j and A(dD .) =

I \C\ = r\ fot z = 1, 2, • • • , 72, with A analytic on int S.   Although in general one can

only construct a A with approximately these properties—and, of course, A will

not be 1-to-l—it turns out that we can again reduce the problem to the situation

of Lemma 4.

Fix  (a, b) £ S x S.

Case 1. Suppose that uAa) + us(b)< 1. We will show that (a, b) £ h (Xs)

by proving that any polynomial which vanishes at (a, b) also has a zero on X^..

So let  P(a, b) = 0, and let
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d) 8=1 -us(a)-usib)>0.

For convenience we divide the proof of Case 1 into three steps.

Step A: Construction of cp. We shall construct a cf>^—call it cp—which approxi-

mately maps 5 onto an annulus.

Let  u. be the continuous function on S which is harmonic on int5 and satisfies:

zz.|<9D. = 1,       ui\ds\dDi = 0;        z= 1, 2, ..., 72.

Note that zzc = 2.    , u. by Lemma 3.   Each  zz. extends to be harmonic in ai i = i    i    ' i

neighborhood of 5 by the reflection principle.   In this way we obtain an open set

0 2 S which we may take small enough that

(i) 2"=1 |zz.(z)| < 2 for z e 0;

(ii ) us(z) > 1 for z £ Ü n int D .,  i = 1, 2, • • •, n;

(iii) a¿(z)< Ofor z e(9\A,  z" = 1, 2, - - •, w.

We may also assume that dö  consists of circles, one in each component of C\5.

Let yQ: [0, l] —' 0 be a positively oriented circle contained in U\A.

Similarly, let y. be a positively oriented circle contained in U n int D.,  j = 1, 2,

•••,«.   To avoid confusion we will distinguish between the map y. and its image

which we will denote by IA /' = 0, 1, • • •, tz.   If y is any closed curve in 0, then

y is homologous in U to 2" _ , c .y. for some integers  c  ,• • •, c  .

Let  vs be the (multiple-valued) conjugate harmonic function to zzs, and let

v. be the harmonic conjugate of u.,  i = 1, 2, • • • , n.   Define

1 1
a. = — var vc,       co.. = ■=- var v..

!     2n s' "     2tt '
; i

Observe that det((co ■ ■)) p" 0.   If not, there would be real constants c., not all zero,

such that

77

£  c.cou = 0    for  /= 1, 2, ... , tz.

i = l

Then /= 2., c .(u. + iv.) would be a nonconstant single-valued analytic func-

tion on Ö, with

f(dS) C)Re z= 0¡ U iRe z= cj! U •-•  U ¡Re z = cj.

As this is absurd, we conclude that there are indeed constants  T)ki,   1 < k, i' < n,

suchthat   2. m j 7J, .di..   = 8'k,  l<j,k<n.

Now choose real numbers  ß{, • • • , ßn  in such a way that a. + ß. is rational
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for each /', making sure that the  ß . ate sufficiently small that if we let d. =

2Ll rV?*f, then

(2) K=2max\d.\<8/2.
i

Now we define zz on (J by

77 72

(3) zz = zz„ + ¿J  d.u. = ¿1 il + d.)u..

2=1 z' = l

The harmonic conjugate of u is v = vs + ¿.. _ j a ,v., so

111"
Yn var v = Tn VatVS + 2z7 ̂  ¿¿ Var V¿ = a; + £ rf<"«

y7 7; !=1        yi i=1

72 72 72

= ay + E  Z ^jfe/^iy = a, + Z fV* = ai + ßr
2=1    k=l k = l

Choose a positive integer N large enough that N(a. + /S.) is an integer for

j = 1, 2, ■ • • , 72, and let A = e~ U + !V p By construction, c!> is a single-valued

analytic function on 0.

Step B: Properties of A.  Let   B = !£ e C| 1 > \£\ > e~N(1 ~K)\.  We claim that

A~  (B)C S.   Note that for z £ A~   (B) we have 0< zz(z) < 1 - K, and suppose

that  z £ U\S.   There are two cases to consider.

If z £ 0\A, then zz .(z) < 0 for z' = 1, 2, • • • , n by condition (iii) above.   Note

that 8 < 1 by equation (1), so that

72 72

u(z) = £ (l + d)Ui(z) < £ (1 - 8/4)u.(z) < 0

2=1 2=1

by equations (2) and (3).   Thus z i A~  (B).

If z £ int D . n 0, then
;

72

u(z) = zz5(z) + 2^ d.u.(z)

n

> usiz) - £ k¿||«;(z)| > usiz) - K/2 • 2 > 1 - K;
2 = 1

this follows from equations (2) and (3) and conditions (i) and (ii) above.   Again,

z¿A-\B).
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In patticular, we have established that ^""'(il^l = 1\) is contained in S. But

if z e S VA, then u.(z) > 0 for i = 1, 2, • • •, n, and us(z) > 0 as noted earlier, so

that

71

zz(z) = £(1+ d.)u.(z) > (1 - 8/4)usiz) > 0.

7 = 1

Thus cf>~l(dA)C t3A.

Now let U be the subset of (J bounded by the images  V. oí the maps y.,

/'= 0, I,---, tz.   Let

R=   inf   e-Nu(z\ r=        sup e~N^'\

z£r0 zer.; i<y<7i

r0 Ç OVA, so by the  above   R > 1. Similarly, T. C 0 nintD., so that
„     -N(l-K) ^ ,      , ; ;-.     -/V(l-K) , ,

r < e < 1.   Let

l/' = \z £ U\ R > e~Nu(z)>r\,

and note that cj>(U')2B> since <p(dU') = \\Ç\ = r| u \\Ç\ = «S.

For £ £ cf>(0) let ?zz(£) denote the number of times including multiplicities

that cp takes on the value Ç, in U.   m(0 is constant on each component of

<7i(0)\U"=0 <7j(r.).   By choice of r and R, the set i£ £ C| r < \£\ < R\ is contained

in a component oí cp(0)\{J .    . </!>(A).   Thus  772(£) is constant on cp(U'); we use ttz

to denote this constant value.   772 > 0 since if zQ £ dA, then r < 1 = |c5(z0)| < R.

We conclude that fot all Ç, £ cp(U  ),  £, has precisely 722 inverses in U   under cp.

Call these inverses  <Aj(0> •- • > "A   (0 in any order.

5;ep C: Reduction to Lemma 4.  Recall that we are trying to show that a given

polynomial P which vanishes at (a, b) also has a zero on X^.   We are now ready

to use P to define a function Q £ R(X „).   In fact, let

Q\C ri) = ñ   p^fO, */.?»,     (6 >?) e #"') x cpiU').
¿.7=1

Note that Q is well defined since it is independent of the numbeting of the t/A

Fix 17.   Except for £ in a discrete subset of cpiU  ), £, will have m distinct invers

images in il' under cp.   For such Ç one may renumber the t/> . near C, to make them

analytic near ¿,.   Thus   <2(A 27) is analytic in Ç except possibly on a discrete set.

For any of the isolated points  £Q with less than 772 distinct inverse images, L,   —»

IT . P(yj (Q, yj -0?)) is analytic and bounded in a deleted neighborhood of £0,
1,7=1 z /

e
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and so extends to be analytic at £Q.   Similarly, for fixed C the function  27    -»

J!.  .        P(ip .(<D> 'A X7?)) is analytic on A(U ), so that Q is analytic on A(U  )x
z»7=^z2 f t

A(U ).   Now it was noted previously that  B Ç A(U ), so X    C B x B C A(U ) x

f/S((i  ).   Since  B x B  is rationally convex, Q £ R(Xß).

Observe now that

\A(a)A(b)\ = |exp{-AfM«) + ilia)) - /VMM + w(*M|.

= expl- zV(«(a) + u(b))\

by (3)

1 [-72

> exp i-N   X (l + |a\|)U.(a) + «¿M)

I        L=j
> exp|-/V[(l + K/2)iusia) + us(b))]\ by (2)

> expi-/V[l -8+ K/2]\ by (1)

> expl-AÍ1 - K]\ by (2).

By Lemma 4, bJiXß) > J(^, 77) e A2| 1 > |£j7| > e^0-^, so we have that

(A(a), A(b)) £ h (X„).   By definition of the  i/z. there exist z'    and /'    such that

A . (A(a)) = a and ip . (A(b)) = b.   (Note that </z .(A(a)) and i/< .(A(b)) ate well defined
!0 ;0 ! ;

for all i and /, since  (A(a), A(b)) £ h (Xß) implies A(a), A(b) £ B, and so by the

fact that  B C A(U')we have A(a), A(b) £ A(U  ) as desired.)  Thus,

Q(A(a\, A(b)) = Pia, b) fl P(<A,W), A.iAib))) = 0.
2*2n  or 7*7,

It follows that there is some point (£0, >70) £ Xß such that Q(ío' Vo^ = ^> as was

shown in the proof of Lemma 5.   Hence

n * w. ¿s» = °>t,j=i
so that for some   z'j, j{ we have Pfyp. (C0), <p . 070)) = 0.   As noted earlier,

<p_1((9A)Çr3AandfA-1(B)CS, so  (z¡, t^0)=(Vi (£„>» ̂ (i?0)) e Xy.   Thus

has the zero (z     w  ) £ X. as claimed.

Case 2. Suppose that us(a)+ us(b) > 1.   Let

(1') 8= us(a) + usib) - 1 > 0.

Proceed to define A exactly as in Case 1.   Now, however, let

B' = SCeC|  l>|C|>e-N<1+K)S,
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a larger annulus than before.   In fact, if z £ S then cf>(z) £ B' because

\cf,(z)\ = expi-NaU)! = expl-N (u$iz) + £ <Az,-(z))[

> expi-M^(z) + K/2)\ > exp AMI + K/2)\

by using equations (2) and (3) which are still valid.

Now define $(z, w) = (cp(z), <p(w)) for (z, w) £ 6 x Ö. 0 is analytic on öxö,

so z o í> and tz; o $ are in K(X  ).   We have

\cpia)cpib)\ = exp\-N(^a) + uib))\

< explj-N[usia) + usib) - £ |¿f-|Uf(«) + «/Mm      by (3)

< expl-Ml + 8-K)\ by  d'), (2)

< exp!-Ml + K)\ by (2).

Thus by Lemma 4, 0>ia, b) 4 h (X   ¡).   The remark at the end of the preceding para-

graph shows that cpiS)C B  ; as in Case 1, cf>(dA) = <9A, so ®(XS) = ^d}ts)- ^b''

Thus $(zz, b) 4 hr(®(Xs)).   By Lemma 5, (a, b) 4 h(X$).

Case 3.  Suppose, finally, that  us(a) + <¿s(b) =1-   We may assume that

ur(a) > 0.   Choose   a    £ S with uAa   ) < u~(a) and zz    —> a.   We have   (a   , fc) —»
J 72 i        71 i 72 72

(zz, Z>), and each (zz  , b) £ h (Xr), since  z/ç(î7  ) + uJb) < 1.   Since ¿> (X ) is closed,

(a, e) e ir(Xs).

Given an arbitrary set S, one can find a sequence of regions S    with proper-

ties (i), (ii) and (iii) in the definition of us following Lemma 1.   For each n,

int S    is conformally equivalent to a domain bounded by circles; the equivalence

extends to a continuous 1 to 1 map on S .   By the corollary to Lemma 5 and the

special case above, the theorem holds for each S  .
_.   CO

Since S C S    for each 72, h (X  ) C (|       . h (X     ).   Conversely, suppose that
—      71 T       -5     — n — 1       7*        J

71

p £ h (X    ) for all n.   If P is any polynomial which vanishes at p, then there is
71

some point p £ X such that P(p ) = 0. By compactness there is a subsequence

p converging to p0 e n°°=1 X5 = X^, and clearly P(pQ)=0. Thus p£hJiXs).

So we have  h (Xc) = fl       A (X    ).   Now  zzc(z) = lim      _ Z2C  (z) for z £ S, and
7-        i 72 =  1        T        S i 71—00      i

77 72

the  u¡.    are monotone increasing, so
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br(xs)= n vx5)= n it2- ») e5„x5„K w+aj M<n
72 = 1 "72=1 72 72

= )(z, w) £ S x S\ us(z) +- zz^zzz) < lj

and the theorem is proven.

Note 1. The result can, of course, be generalized somewhat.   For example, by

modifying Lemma 4 and the proof of Theorem 1, one can show

given S,, S _., . • • , 5    then h iS, x S, x • ■■ • x S    O r?A")
& 12' '       72 r       1 2 72

=  \z   £SlxS2X"-xS   I   Us   (Zj) +• ■ • «   fZZ^   (z   )  < 77 -   1¡.
1 72

Aíoíe 2.  The restriction to sets S which are connected is not serious, since

more general subsets of A are of no additional interest.   In fact, if  <9A C T C A

and T is closed, let S be the component of <9A in T.   One readily verifies that

(4) hr(XT) = hr(Xs) U XT,

so that the other components of T contribute nothing to hr(Xj.)\XT.   We outline

a proof.

Choose nonempty compact sets   K   C A v such that K     j 2 K   and

U    _ j K   = A\S.   One can then choose smoothly bounded compact sets  C , D

such that  TC C   <0 D  , S C C  ,   K   C D  , and  C   O D   =0.   Let  /    be a finite
—        72 72 —        72 n   —        72 7272 72

union of line segments which meet  C   and D    precisely at their endpoints,

chosen so that the compact set 5    defined by S    = C   U D   U Í    is connected.
r 72 '72727272

Observe that  zzc-    = I on D   U / .   As remarked earlier, «_    > 0 on 5 \dA,
i 72 72 i 72

72 72

so, by Theorem 1, h (Xs  ) = h (X     ) U X     .   The result (4) follows by using the
" r\ oo      n n

facts that T C S   and that II      , C   = S.
—       72 72= 1        72

Example.  In [7], Wermer shows that h (X ) does not "contain analytic

structure" precisely when int5 = 0.   He proceeds to construct a specific S such

that  h (X A ?= X     although  int S = 0.   Using Theorem 1 we have an alternative

method for constructing such an S.

If  |a| < 1 and 0< r< 1 - |a|, let  D(a, r) = | |z - a\ < r|.   Then   «¿vD(a ,■{*) —

0 as r —> 0 if z e A\jai.   (For example, if a = 0, then u ¿\Dia r\(z) = log |z|/log r

and this assertion is clear; the general case can be essentially reduced to the

case a = 0 by appropriate linear fractional transformations.)

Let \a.\ be a countable dense subset of int A, and let b be any other point

of int A.   Take  D.   to be an open disk centered at a     such that  D   C int A and

aAp  (b) < 1/4; this is possible by the preceding remark.   Suppose that



366 R. F. BASENER

D,, D     • • •    D      ,   have been chosen.   Let zz be the first of the  a . which is not
1 ¿ _ 71— 1 7

in (J ?~j D ..   Choose an open disk D   with center a such that D   C int A\M "A D .

and  zz¿  D  (b)<l/2"+   .   Let S = A\U . _ j D ..   By construction  in A = 0 , and
72 ~

u$(b)< 2°°= , « (b)< 1/2, so that  (b, b) £ hr(Xs)\xs by Theorem 1.
i

Note.  Theorem 1 also shows that one must be careful in the choice of S to

guarantee h (Xç)p X^..   Suppose, for example, that S is a connected compact sub-

set of A containing dA, such that the only Jensen measures for R(S) are point

masses.   Then X^ is rationally convex, even when  R(S) / C(S).   To see this, let

\S ,   be as in the definition of zz_.
72   72  = 1 i

Given z £ S\dA, let  p    be hatmonic measure for z as a point of S  ; each  p'72 * 77 72

is then a Jensen measure for  R(S   ).   Each p    may be regarded as a measure on

A, and so, by passing to a subsequence, we may assume that \p ! converges

weak-star on A to a measure p with support contained in S. p represents z for

R(S) and is in fact a Jensen measure as we will now show.

Let / £ R(S).   Choose /     analytic on a neighborhood of S so that /    converges

to / uniformly on S as m —» oo.   If 72 is large, /    £ R(S  ) and so

log|/mU)|< Jlogl/JrffV

Thus for any  8 > 0 we have

i°g|L,(z)| </iog(|/J +8)4^

and so

log|/m(z)|<lim   lim    f log(|/BI| + 5)^n=   flog\fJdp.
810 72—00 J J

Let  f > 0; then log(|/   | + e) converges uniformly on S to log(|/| + e) as 772 —> 00,

and so

lim    Jlog(|/m|+í)^= f log i\f\+e) dp.
777—00

On the other hand we have

lim    J  log(|/J + ()dp>   lim    flog\fm\dp
777 —00 777—00

>   lim    log|/m(z)| =log|/(z)|.
m —00

Combining these results and applying monotone convergence we see that
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/ log \f\dp= lim   f log(|/| + c)dp > log |/(z)|.
J eio  J

Thus p is a Jensen measure for the point z with respect to R(S).   By our assump-

tion on S, p is the unit point mass at z.

Choose y £ C(A) such that 0 < y < 1, )¿(z) = 1, and supp y C int A.   Then

1 > us(z) =   lim   zzs  (z) =   lim   J" 1 opn
n—.oo        n 72 —oo n

-   lim   Xs    X^M„ = Js X^ = X(z) = !•
72 —oo 72

Suppose now that (z, w) £ h (XA) and z e 5\<9A.   By Theorem 1 we have  uAw) < 1-

zzs(z) = 0.   As noted earlier, uAw) = 0 implies z^ £ dA.   Thus  ¿ (X.) = X .

Note.  It follows rather readily from Theorem 1 that if h (X.) ?= X     then the

4-dimensional measure of ¿ (X^XX^ is positive (in contrast to that of X    which,

consisting of two copies of S x dA, has only positive 3-dimensional measure).   To

see this, extend  zz, to all of A by

us(z) =1    if z e A\S.

Then zz,  is superharmonic on  int A  (see Lemma 6 below), so that the function g

defined on int A x int A by g(z, w) = us(z) + us(w) is superharmonic.   If (z Q, wQ)£

h (X  )\xs, then  (zQ, wQ) £ int A x int A and, by Theorem 1, us(z  ) + us(w0)< 1.

Thus if B    is any small ball around (z  , w  ) and if m denotes 4-dimensional

Lebesgue measure on  C    we have by the superharmonicity of g:

-   f     gdm<l.
w  R     JO,6volume B

This implies that I (z, w) £ B | g(z, w) = u$(z) + us(w) < l\, which by Theorem 1

is contained in  h (XA, has positive 4-dimensional measure.

A more careful analysis leads to a significant sharpening of this result; in

fact, we are able to show that some of the "Gleason parts" for  R(X?) have posi-

tive 4-dimensional measure.   The concept of "Gleason part" has been useful in

the study of analytic structure in the maximal ideal space of a uniform algebra

(see, e.g., [3, Chapter Vl]).   If T is a compact set in C", the Gleason part (for

the algebra  R(T) "-" R(hr(T))) of a point p £ hf(T) is the equivalence class of

p under the equivalence relation:

P- q   if  sup\\f(p) - f(q)\ f £ R(T) and sup|/| < 1 V < 2.
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(Thus, for instance, if h (T) contains a connected analytic variety V, a normal

family argument shows that the points of V belong to a single part of h (T).)

Theorem 2. // h (X )\X ^0, then there is a point (z w) £ h (Xr)\x_

with us(zQ) + us(wQ) < 1. ATzy such point belongs to a Gleason part of h (X )

with positive 4-dimensional measure.

The proof of Theorem 2 depends on several lemmas, for which we establish

the following notation:

z?? = 2-dimensional Lebesgue measure on the plane C;

ST = \z £ S\ us(z) <r\, 0 < r < 1 (note that Sr is closed since by Lemma 6

below, zz, is superharmonic).

Lemma 6.  us is superharmonic on int A (as above, we consider u,. extended to A

by  us = I on A\S).

Proof.  Take \S  Î      ,   as in the definition of uc.   One verifies that each  u.
72   72   =   1 J S

is superharmonic on int A by considering three cases:

(i) if z € A\S  , then zzc   = 1 near z;
72 J

72

(ii) if z £ int S  , then zz.    is harmonic near z by definition;
72

(iii) if z £ dS   ft int A, and r< 1 - |z|, then

us  (z) = 1 = 1   (2" d6 > Í-   P77 us  (z + re¿0) ¿9.s„ 2tt Jo - 2n JO      s„

Thus  zz, is the pointwise limit on int A of the monotone increasing sequence of

superharmonic functions \us  \.   So zz^  is superharmonic on int A.
72

Corollary.   // 0 < u„(z)< 1, there is a point z   near z where  uAz  ) < zz_(z).

Proof.   If z £ int S, the statement is trivial since  us  is harmonic near z.   So

suppose that z e dS\dA.   Then we can find r arbitrarily small so that the set

E = \6\ z + re1  £ A vl  has positive 1-dimensional measure.    If we also had

u(z + re1  ) > zz(z) for all 6, we would have

1   i        , u(z+reie)de>Í-   f    lotf + l- fr    , ,\B a(2)d9> a(z).
2tt J[o,2?t] -2nJE 2nJ\.o,2ni\E

■ a

This contradiction establishes that  zz(z + re    ) < zz(z) for some d.

This corollary verifies the   easy half of Theorem 2, since  (z, tzz) e ¿r(Xs)\Xs

and "c(2) + "ci"7) = ! imply 0 < us(z) < 1.   Applying the corollary to z, we have

z'near z with us(z')< us(z).   Then  (z', zz>) has the property that  zzs(z   ) +

uJw) < 1, and, of course, by Theorem 1   (z', w) £ ¿^(X^AX^.
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Lemma 7.  Fix r,  0 < r <1.   If 0 < uJz  ) < r, then z.  is not a peak point for

R(Sr).

Proof.   Again take  \S   \ as in the definition of us.   Since  us  (zQ)< uAz.)
n

for all ?2, z0 £ (S  )r for all 72.   Let p    be a probability measure supported on dST

such that for all functions / harmonic in a neighborhood of ST   we have

r , /*„ = /(a)-
JdSr

By passing to a subsequence we may assume that p    converges weak-star to a

probability measure p on dSr which then has the property that, for all / harmonic

in a neighborhood of Sr,  /     f dp = f(zQ).   It follows that z¿ represents zQ for R(A).
¿■s

Choose x e C(A) such that 0< y < 1, ^(z0)= 1, and suppy C int A.   Then

f     \dp =   lim     f      Xrfft„<   um     f      -7^72
Jr)Sr 7i-00   JdSr n — 00   Jasr

"A(A}    HcUn)72 O        0        *   -t
=   lim   -=-< 1,

where we have made use of the fact that  zz^.   = r on dST\dA (if u„  (z) < r, then

us   < r near z).   So p is not a point mass and therefore z    is not a peak point for
71,

R(ST).

\ I — a - (u> - )
Lemma 8.   Let  (z., uz.) e h (XS)\(X  ), and suppose that z    ^ z    in S

Then  (zv wQ) £ /^(X^Nx^, and (zQ, wQ) ^ (Zj, zz7Q) zw ¿r(Xs).   Similarly, if

wl ~ "'o z"^        S    ' > í¿e"  kl» "V £ V*S^*S û"^ (*l» "V^ fzi» "V ,W

hr(xs).

Proof.  Let

K = ¿r(Xs) O  |(z, tzz)|  ti/ = m;0|

= Kz, uv0) e A2| usiz) < 1 - zz5(z^0)i = S  ~"S W°   x \w0\.

K is a compact subset of the plane \w = wA, and is nonempty since (z_, w.) e K.

Since we have assumed that z. £ S , we have  zAz. )< 1 — uAw  ),

so (zj, w0) £ ¿ (^c)» whence (z  , wQ) £ K.

Let  F   6 R(¿ (X  )),   \F   \ < 1, and  F (z     u;  ) — + 1.   Then  F (z, w.) £ R(K),
71 T o 71      —~ ft \J \J \       1   r* 11 \

\F (z, w  )| < 1, so by the assumption that  z.^z. ini ,  F (z  , wQ)~>+ 1.
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Thus  (zQ, wQ)^ (z     w0) in hr(Xs).   The second half of the lemma follows by

applying the same argument with the roles of the coordinates reversed.

Proof of Theorem 2.  Choose 8 so that 0 < 8 < 1 - uAzQ)- us(wQ).   Let

1 — Uc(w~) l—UriWr.)

T1 = \z £ S | us(z) < usizQ) + 8,  z ~ z0  in 5 |,

T2 = \w £ S \ w ^ w0  m S f.

If z e T.,  (z, t^0)~ (z0, izZq) in h (X^) by Lemma 8.   We also have  us(z)<

1-u   (z)        \-u   (z   )-o

zzs(z0) + Ö, so that S       J      2 s •   Hence if izz e T2, then zz"v. zzzQ in

5 .   By Lemma 8, (z, izz)~ (z, tzvQ) in ¿ (X,).   Thus  (z, zz/)^ (z  , zzv  ) in

hr(Xs), and so the part of R(hr(Xs)) to which (zQ, z^Q) belongs contains T   x T .

Since  R(XA can be identified with R(h (X-.)), the theorem will be proved if we

show that m(T,) > 0 and m(T2) > 0.

For 0< /? < 1 - |z0|, let

£R = |z £ S\ us(z) > zzs(z0) + 8\n \\z -z0\ < R\.

By the superharmonicity of zz5, we have

us[zo) > —~2 (\z  z \<R us(z)dm > —2 JE    Wzo> + ®dm
nR2 J\z-z0\<K nR¿      bR

«=[asU0) +o]miER)/nR2.

Thus  m(ER)< nR2(us(z0)/(us(zQ) + 8)).  Note also that zzs(zQ)< 1 - zz^,,), so by

Lemma 7, zQ is not a peak point of R(S ° ).

Let K be a compact subset of C, and suppose that x e K is not a peak point

for R(K).   Given e > 0, let

sup] )\ f £ R(K), sup \,P(=ly£K

A theorem due to Browder says that

77z(Pe n\y eC| |x-y| < 1/b1)
lim

72—-OO TzKiy £ C| |x - y\ < I/«!)

(see [13], or [9, pp. 175-177]).    In particular, if e = 1  this says that the part of

R(K) to which x belongs has density one at x.   (This consequence of Browder 's

theorem was also proved by Melnikov [14] and by Wilken.)   Applying this to

1 -Uriui q)

zQ £ S , we obtain
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., l-uc(a>n) 1-uçiWf.) n
m(\z£S       s     ° | |z-z0| < R,  z^z0  in S       s    ° \) > nR2ius(zQ)/(us(z0) + 8))

for R sufficiently small.

Combining this result with the above we see that for R small and positive:

7tz(T1   n i|z-z0| <R|)

1 —Uc(Wq)

= 772 (|z|  |z - zj < R,   us(z) < u¿(z0) +- 8,  z ~ zQ  in S \)

.-us(w0).

=  772(i|z-Z0|   <RJ)  -  77z(ER)

- 772(¡z| |z - zj < R,   usiz) < us(zQ) -i- <S,  but not z ~ zQ  in S |)

usiz0)n2 „■>(     "sU°}
> nR2 - nR

Kusiz0) + S
nR¿ - nR-

uAzA + 8)lsy*-o

= 0.

In particular, m(T.) > 0.

Finally, uAw  ) < 1 - uAzQ) - 8 by défini tion of 8, so by Lemma 7 w.  is not

a peak point for R(S °       ).   Thus  m(T2) > 0  since nontrivial parts have

positive measure.   This and the last corollary complete the proof of Theorem 2.

2.  Let B denote the closed unit ball in C2 = \(z, w)\ \z\2 + \w\2 <1\.   If T

is an arbitrary compact subset of the open unit disk, we associate with T a subset

of the 3-sphere  i|z|    + |za»|2 = H  by defining

XT = \(z, w) £dB\ z £ T\.

Two observations about  R(X_) can be made immediately.   First, since it is

well known that if X is a compact subset of C    then R(X) is generated by  n + 1

functions  (for a proof see Lemma 11), the algebta R(X_) is finitely generated.

Secondly, each point of  XT  is a peak point fot  R(X   ); this is in itself a trivial

obsetvation, since if Y is any compact subset of  dB  then each point  (zQ, wQ) £ Y

is a peak point fot  P(Y)~hence for  R(Y)—because P(z, w) = (z   z + w w + 1 )/2

peaks at  (z„, w  ).   (This explicit peaking function was pointed out to me by

several people.)   This lattet fact, however, becomes particularly significant in

conjunction with the following result:

Theorem 3.  Suppose that the only Jensen measures for R(T) are trivial, and

R(T)f C(T).   Then

(i) the maximal ideal space of R(XT) is XT, i.e., Xj  is rationally convex;

(ii) R(xTA c0tT).
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Thus for such a T properties I, II, III mentioned in the introduction are satis-

tied by the algebra A = R(XT).   The proof of Theorem 3 can be divided into two

lemmas.

Lemma 9. Suppose that T is a compact subset of the open unit disk, and the

only Jensen measures for R(T) are trivial.   Then Xj.  is rationally convex.

Proof.  Suppose  (a, ß) £ hr(XT).   Let p be a Jensen measure on X^ for the

homomorphism corresponding to evaluation at (a, ß).   We assert that

supp p C j(z, tz/) e X.J z = a\.

The latter set is a circle which we denote by T .
'      a

Observe that a £ T, since otherwise z - a vanishes at (a, z3)but has no zero

on XT.   Define a measure p on T by

JT g<tp = J~    g(z)dß(z, w),       g £ CiT).

Let / £ R(T); then since p is a Jensen measure for (a, ß)

lojç I / C cl) j < fa    log|/(z)| dpiz, w) = fT log|/(z)| dpiz).

So p is a Jensen measure for a with respect to R(T).   By assumption, p is the

unit point mass at a.   Hence

r*(ra) = /   dp = f. , du= i.

Since p is a probability measure, suppp Ç V

TNow w p1 0 on XT, so  l/w £ R(XT).   Thus

)xTwdtl  - Jra luzl^^i.la^)172

or  |/3| > (1 - |a|2)1/2.   Since  (a, ß) £ B we must have  \ß\ = (1 - |a|2)1/2, whence

(a, ß) £ XT.

Lemma 10. Let The a compact subset of the open disk such that R(T) £ C(T).

Then  rv(XT)¿ C(XT).

Proof.  Let p £ C(T)*, p x R(T), p ¿ 0.   If zQ e int A let ttz^ be normalized

Lebesgue measure on the circle Tz   = í(zn, w)\ \w\ = (1 - |zQ|2)1/2l.   Define a
o- 0

measure /¿ on a ^ by
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Sx    8 ̂  = Ít   /r   g(z' w) dmz(w)   ^(z)'      S e CiXT).

Note that p / 0.   We wish to show that p J- R(XT), so let f(z, w) be a rational

function holomorphic in a neighborhood of X^..   For z near T in C we may define

a function

a(z) =   f     /(z, w)dm(w);
Jrz

we assert that a(z) is analytic in a neighborhood of T.

Fix z0 £ T.   For some c> 0 and Rj > (1 - |*0|2)1/2 > R2 > 0, f(z, w) is

analytic on

Q = |(z, w) eC2| |z - z0| <e,   Rj > |uv| > R2!.

On Í2, /(z, z//) may be expanded in a Laurent series in w:

oo

fiz, w) =     £    zzn(z)zA,

where

fiz, w) dw
«>) = T-  f" 2ni J\ a7|=(l-|z0|2)I/2       W>> + 1

is analytic in z.   But then

cz(z) = J      fiz, w)dmziw) =   f        £    aniz)w"dmziw) = aQiz)

F* A   77 = -x>

is analytic for z near zn.   So the assertion is proven.

Consequently we have

J"~    fdp=   f       Ç    fiz, w)dmziw)Idpiz) =   f   a(z)rf^(z) = 0.

Thus RiXj.)p C(X   ).   This completes the proof of Theorem 3.

.\. r»

3. We wish to consider sets of the type X_ desctibed in V2, where we again

require that T be a compact subset of int A. We impose the additional requirement

that T be a "Swiss   cheese", so that  R(T) / C(T).   Fot our purposes a Swiss
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cheese T is a compact subset of C with empty interior, formed by deleting from a

piecewise smoothly bounded connected compact set 5 a sequence of nonempty

piecewise smoothly bounded simply connected open sets  0     subject to the

conditions:

(i)   Ö     OO    = 0  if 772 ¡¿ 72;
_m n

(ii) 0    C int5 for all m\
m —

(iii) 1      , length (dO   ) < oo.
772= 1 ° 772

With this definition the example in Browder's book [9, p. 192] is a Swiss cheese.

Theorem 4.   Let T C int A be a Swiss cheese.   Let K be a compact subset

of X_ with nonempty interior in the topology of X   .   Then R(K) P C(K).   Conse-

quently, the restriction of R(XT) to K is not dense in C(K).   (Note that, in par-

ticular, T may be chosen so that XT satisfies Theorem 3.)

Proof.  We will construct a measure p on K such that p ± R(K) and p / 0.   For

simplicity we may suppose that  (0, 1) is in the interior of K relative to XT .  It

follows that, for some positive  e < 1   and some positive d„< n,  K contains the

set F O Xr where

F = f(z, w) £ dB\ \z\ < <r,   | arg w\ < d0\.

Since T is a Swiss cheese, we may write   T = 5\ U       , 0    with S and 0    as in
' J ^* m- *      m rn

the above definition.   Let

Kn = l(z, w) £F\ z £s\   U   o[,  if tz > 0;

noo ,  K   = K D F.   If U is any small open
71+.— 72 72=172

neighborhood of

\(z,6)eCxR\\z\<f, \d\<60\,

then the map ip: U —• dB defined by

x/Az, 0) = (z, e!'9(i-|z|2)1/2),      (z,d) eu,

establishes a real analytic diffeomorphism of U with an open neighborhood of Kj

as a subset of dB.   For 72 = 1, 2, • • •  let dnK    denote the boundary of  K*       * U      72 72

relative to dB.

We may visualize  K., X ,••• and dQK  , dQK , • • • by means of the map ip~   :
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1(Kn) = y6\ uxfr- liKj = <z £ S\ U   OJ \z\ < A x {|0| < Ö01,       « > 0;

ip-l(d0Kn) = {z£dsu[ U r?oJ| M <4 *¡|0|<0O!

ujzeS\U  Oj|z|=ejx||0|<0o>

ujz eS\   U   Om| |z| <(\ x\-d0,d0],       72 >0.

From this it is evident that, for each tz, n = 1, 2, • • •, the set  K    is the

closure of an open subset   V    oí dB and

(i) cLK    is "piecewise smooth";0     72 r

(ii) V    "lies on one side of dnK  ".
72 0      77

We may therefore apply Stokes' theorem to  V   and dQK .   (See [15, pp. 271—275]

for precise definitions and a statement of an appropriate form of Stokes' theorem.)

Let / be analytic in a neighborhood of K .   The preceding remarks show that
77

f fdz A dw

(1)

f      (dldz + ±dw)
J Vn \dz dw      )

A  dz A dw =0.

Let  p    denote the measure on  dQK    corresponding to the form dz A dw.

We may regard  \p  \ as a sequence of measures on Kj, because   K   C Kj  for all

72 > 0.   We assert that the condition

(2) X   length WO J <oo
777 = 1

implies that the p    converge in norm.   In fact, suppose that f is C    in a neigh-

borhood of K. and sup,.   |/| < 1.   If N > M > 0, then
1 Kj
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L, /*»- /*, '*« = L0kn '<*■w)dz A ̂ - L0km '{z-w)dz A <*"

f fiifiiz. 6))diz °ifi) A eft a/ °i/>) -   f fiifriz. 6))d(z °tfi) A tA,w°tù)

f    /f A ,%.Ii|i)1/,I*aÍí
m=,M+l

"".¿= + ̂ ¿0

r5<9

Jl(«.ö)||*|tzeo  .lese
/(,. A(l-|2|AA¿z A I -dz

o> (90
.¿0

(z.c5)| IzUe.zeo  ,e=±e
/(2, e'°(l-|z|2),/¿)¿2 A A^zzz AAf3

(7(9

't/Z    ».        (7Z//

N

<  Z
/||z|s,zfaora.|ö|SÖol^-,e(1-l2l

/iw*.-«»1I1.ii|..ii'u-^1-wl),/,)*A(fa (1-|2|2)   m

illxlst, xeOm.9=±e0|' V 2(1 - A|2)1/2

m=.M+l   \Kl

<    Z       (sup|/| .  length(,90J. 2(90 + sup|/| .  Iength(r90^). 2f30

+ 2 sup|/| • 2 area(0   ) ■ 2(1 - A)1/2

£       K lengthtfOj + 2t   ,n area(Oj)
,=A1+1     \ (I   - (   ) /

which by (2) converges to zero independent of / as M, N —» oo.

Let u be the uniform limit of the it .   Since supp/x   C K   and X     , C X , we
^ rn rr ~n —     72 72+1-n'

have supp/i C I | _ ¡ X =XnF. If/is analytic in a neighborhood of X, then /

is analytic in a neighborhood of some KM, and for N > zM we have /. „ /Wit., = 0,

by (1).   So

J   /¿ft =   um     f /*V,V = 0.
-"< N_^,  Ji>0KN

Thus /i 1 R(/C), and it remains only to show that p /= 0.

Choose  M > 0 so that 0^ O ! |z| < e| 7= 0.   Let giz) be a bounded Borel func-

tion on C such that giz) = 0 unless z £ \\z\ < d H i?0„, and such that

/i z Kf.zedO,
g(z)i/z = 1.
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Let f(z, w) = g(z)/iw; then for  N > M, p    agrees with pM  on the support of /, so

f     fdp... =   (     fdpM =   f Q/Zdz A dw

■/.
.M   a , __ikL__¿z A (,efö(l - |z|2)1/2d0)

|z|£í,Z,aOM,|o|St90ize¿c7(l_|z|2)l/2

20 n f., . £>U)<fe = 2(9. ?í0.
0 J\\z\<e.zedOM\ * 0"'il

Thus  ¡Kf dp/: 0, and so p ¡= 0.

4.  Our final objective is the construction of smooth sets with the pathological

behavior discussed in the first two sections.   The key result we need is that for

any compact subset X of C    we can find a smooth function / such that z, w, f

generate  R(X).   More precisely, we have the following result:

Lemma 11.   Let X be a compact subset of C".   There is an f £ C^(C") such

that the restrictions to X of z.,•••, z    and f generate R(X).   Furthermore, f may

be chosen so that f\,  ^j £ R(h (X)), i.e., f\,  ..... coincides with the natural

extension of f\x to the maximal ideal space of R(X), h (X).

As the proof is simply a modification of the proof that R(X) has tz + 1 gen-

erators (see, e.g., [9, p. 16]), we leave it to be included as an appendix.

One addition to the notation previously introduced is needed.

px, fot X a compact subset of f9B, will denote an arbitrarily chosen C real-

valued function on dB which is zero precisely on X. It is easy to construct such

a function.   A similar function was used by Freeman in Example 5.3 in [16].

Lemma 12.   Let X be a compact subset of dB.   Let 21 be a uniform algebra on

X which contains the polynomials in z and w, and suppose that there is a function

f £ Caa(dB) such that z, w, f generate 21.   Define a uniform algebra 21   otz dB by

2X' = ig £C(dB)\ g\x eU\.

Let $: dB — C6 by

3>(z, zz;) = (z, w, f(z, w), pxiz, w), zpxiz, w), wpxiz, w)).

Then í> establishes an isometric isomorphism between the algebras 2Í    and

P[$(dB)] by F «-> F »O-1 for F e 21'.

Proof.   First observe that z, w, f, px, zpx and wpx ate in 21  .   In fact, we

claim that they generate 21  .   Let J) be the subalgebra of 21 generated by these
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functions, and let p be any measure on dB orthogonal to ®.   We will show that

21   = S by showing that p 1.21'.

Now if g £ C(dB) and g\x = 0, then g is uniformly approximable on  r9ß  by

polynomials in z, w, px, z~px, wpx—this follows from the Stone-Weierstrass theo-

rem for locally compact spaces, since the real-valued functions Pv(z + z ),

px(z - z), px(w + z7J)and px(w - w) separate the points of dB\X.   Thus

suppp C X.   But ÍB contains all polynomials in z, w and /, so by the hypothesis

that z, w and / generate 21, we have  p -L 21 .

Since the coordinates of the map í> generate 21  , it follows that $ establishes

the required isomorphism.

Theorem 5.   There is a C°° 3-sphere 2. C C   such that zi)(S.)\S    z's nonempty

but does not contain analytic structure.

Proof.  Let  Y = X„ with S chosen as in Wermer [7] or as in the example on

p.365 with b = 0.   Y has the following relevant properties:

(i) (0, 0)£hr(Y);

(ii)  h (Y)  does not contain analytic structure;

(iii)  Y C dA  , the topological boundary of the unit bicylinder.

By Lemma 11 there is an / £ C   (C  ) such that z, w and / generate R(Y), and

/ £ R(hr(Y)).

Let X = h (Y) Cl dB, 21 = the uniform algebra on X generated by z, w, f.

We observe as follows that the maximal ideal space of 21, which we shall

denote by M, may be identified with h (Y) DB.

If  (z0, w  ) € h (Y) Cl B, and G is a polynomial in z, w, f, then

\G(zQ, tzz0)| < max!|G(z, w)\\ (z, w) e[(Silov boundary RÍY)) n (B n ¿r(Y))l

u(r)B n hiY))\

= max|G|
X

by the Rossi local maximum modulus principle.   Thus evaluation at  (zQ, zz^0)

induces a homomorphism on 21.

If, on the other hand, m is a homomorphism on 21, then since  z, w, f generate

R(Y), 772 induces a homomorphism of R(Y) and so corresponds to evaluation of

z, izv, / at some point  (zQ, t^) £ hf(Y).   Since B is polynomially convex, we must

have  (z0, wQ) £ hr(Y) OB.

We have therefore established the following facts about the maximal ideal

space of 21:
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(i) (0, 0) £ M;

(ii) M does not contain analytic structure.

Let 21 A ¡F e C(<3/3)| F\x £ 2Ij.   The maximal ideal space of 21'   may evidently

by identified with dB U M, and the Silov boundary of 21   is <9B.   Clearly the maxi-

mal ideal space of 21   does not contain analytic structure.

Let $ be the map of (z, w, f, px, z~px, wpv) as described in Lemma 12.

Let 2j = <l>(dB).   By Lemma 12, 21   and P(2j) are equivalent uniform algebras,

so Z>(2.)\2,   is nonempty but  2.  does not contain analytic structure.

Note.  The same technique may be applied to Stolzenberg's example [8] to

obtain such a  2. in C   rather than C  .

Theorem 6.  There is a polynomially convex  C   ^-sphere 2. C C    such that

every point of 2    is a peak point for  P(2 ), but  P(2 ) ¡= C(2 ).

Proof.  Let X be the set X_ of Theorem 3.   Since X C dB, by Lemma 11 there

is an / £ C   (dB) such that z, w and / generate R(X).   Let

2AR(X),       21A ¡f £C(dB)\ F\x e 2I|.

Clearly the maximal ideal space of 21   is dB, every point of dB  is a peak point

for 21  , but 21   t= C(dB).   Let í> be the corresponding map as described in Lemma

12, and let 2   = 3>(<?ß).   Then 21   and P(2 ) are equivalent uniform algebras, so

2. has the required properties.

APPENDIX (PROOF OF LEMMA 11)

Notation.  If a = (a^ ,•••, a    ) with each a. a nonnegative integer, then D

is the differential operator on  CQ(C") defined by

°af = —:-à   d'à' -r~-     AC~(C"),
d  A ...ó A d "+15, ...d  2nz

1 72 I 71

where   \a\ = 22^ a...

Lemma 11.   Let X be a compact subset of C".   There is an f £ CQ(Cn ) such

that the restrictions to X of z.,•••, z    and f generate R(X).   Furthermore, f may

be chosen so that f\,   ,x^ £ Rih (X)), i.e., f\    ,x. coincides with the natural
r r

extension of f\x to h (X).

Proof of lemma.   Choose a sequence of polynomials g., g2, • • • so that each

g     has no zero on X, and so that \p/g   | p is a polynomial, 1 < m < oo| is dense

in  R(X).   For each m let h    be a C°°-extension of 1/p    from h (X) to C" (note
772 0 0772 r
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that gm does not vanish on hf(X)), and arrange so that the supports of the h   's

are all contained in some fixed compact subset of C",

Now choose positive constants c,, c2, • • • so that

(Í)CmSUPx,C"SUP0-|a|,772lDVX)l<2"m.

(ii) for 1 <k<m, cmsupx€X\gk(x)/gm(x)\ < 2~mck,tot n-1, 2,*?>.   Let

f~ Cl  ckhk-   ßy »X / « C~(C"), and /|^(X) e R(è/X)).

The proof may now be concluded exactly as in [9]; for this purpose we hence-

forth regard all functions as functions on X, so that for example h, = 1/g,.   We

will show that the algebra A generated by Zj, z    • • •, z , / is P(X).   By choice

of ig   !, is it sufficient to show that  l/e, £ A tot all k.
°772 ° k

_.oo

Let fk = 1m = kcJëm> *-1.2.--..   Then /, = / e A, and if 1/g,, l/g2,

• • •, l/z?/j_i e 4, then fk£ A.   Proceed by induction: it fk £ A, then /fcg, 6 A,

and /fegfe = ^ + 2^ = fe+1 cmgyfe/gm.   By (ii), cfc>supx|2^ = fc+1 c^/gj.so

(/feg^)~    £ A, so  l/g¿ e -4.   Thus the induction is complete and so is the proof

of the lemma.
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